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jµ§©{\5wne3j"®\ji}|{vzws3gn{¯¹vz|h?wnz|{~^]
‖u− uh‖L∞(0,T ;L2(Ω)) ≤ Ch
k+ 12 ‖(u, p)‖L2(0,T ;Hk+1(Ω)),
¥egjij
k
vj03{wj0uwnegj"a{\}st3{\hDz};{\3jiN²
mµ3g~}svunz|u*zu"z|guxgzj0 yts¸we3j¶{~gjyYsQ4~guxyR{¸a½qv¬ijiRj0uuns¨jiR{~nwnj0 z|_5 ~C9»¾ﬀy33w+{~3
j0un3}wu`auxz|3"j03~j{~z|jiYwnjNDuxw~y3z|}z|¬0wnz|{~juxeaaj00²ﬀl±?§Ó~wN¾~w{+{\Ywn{~}twnegj{\Y®\j0wnz|®~j5®~j0}{v°
zws~¾~¥e3z|eDzu#{~3}|s¥j0¦t}|svz|®~ji~j0gj2§©jij~¾\uxRj0iz|~}v3{~3}|z|3j0~#uxw~y3z|}z|¬0wnz|{~wjihu`j2z|Ywn{t3gjN
z|G5äC9»¾R}jN~vz|3w{h?{~j+i{~h?3}|j¹ﬃ§©{~h+3}-wz{\~g¸uxwn{~3\jiji\3}z³ws\unun3h?vwz{\gu{\Àwne3j
ji¹3~w"un{~}|vwnz|{~½jj0Y3z|j0;²l±6{\3"i~unj~¾[we3j?§Ó~w*wnegw¿we3juwy3z|}|z¬N-wnz|{~ {§Uwne3j®\ji}|{tiz³wzjNu¿z|u
3j0{\33}|j0 §©{~h wnegjuxwygz}|z¬N-wz{\ª{§wnegj3j0uun3nj¶~}}|{-¥uauw{¸3{-®~ji{~t®~j0n\jigijDauxz|3¨jNu°
unjiYwz|~}}|s¨we3juxw~y3z}|z|¬0-wz{\½wnj0nhu{~§wne3j}z|3j0~0~unj )ÓunjijR5870 9 ,¾^g½3avjiDuxz|h?z}nj0~3}z³ws
\unun3h?vwz{\gui²\`À{\nj0{-®~jiN¾~¥jgn{-®\jµ{\t®~ji~j0gj5§©{\}|}aR{~}|st3{~h?z}[{~vjiu0¾~¥e3j0njN~u2zS5 ~C9;wne3j
~g}|svuxzu¥\unjNuwnzwj0wn{3z|j0iji¥zuxj*}|z3jN~33{¯¹tz|h-wz{\guUz|Àuxa~j"~gz|ﬃwnz|h?j~²
  ö agõ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cô
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l±Àwe3zu¥{~¦¥j+{\3}s{\gunz|vj0vzuninjiwnz|¬0wnz|{~Àz|¨uxa~j\²@3{vau¥z|}}	yRj+3vw¿jiYwnz|ji}|s{\Àwne3j
i{~t®~j0n\jigijz|wne3j"egz\ejist3{~}3u5t3hyaj0nj0~z|h?jﬁ)
ν < h
,²2d5e3j"j0uxwnz|h-wnjNuj*{§`{\3unj"uwz}|}
®-~}zÀz|Àwne3jD}|{-¥ jist3{\}|3ut3h+yRji¿nj0~z|h?j)
h < ν
,¾;y33wµwe3jiÀwe3jDnj0~3}z³wsetsYR{we3j0unzuh¯s
yRjji}-¹vj0 ¥e3z|}j¦\jij03zgﬃ{\vwnz|h}{~t®\ji~jiaj+z§5wne3juwy3z|}z|¬0wnz|{~ gh?jiwnjiu"j?3{~Rji}s
eg{\unji&¾vunjij5870C9»²
l±ﬃwnegj"3j¹twunj0wz{\¥2j*z|\wn{vvajuxwa3¶3{~wwnz|{~ﬃ§©{~5we3j­¯®tz|jin°±qYw{~¦\j0u2j0Yg-wz{\gua
ygnz|jgs6vz|uaunuµwnegjnj0~3}z³wsÀ\unun3h?vwnz|{~aui²d5e3juxwygz}|z¬0j0¨«g3zwnjj0}j0hDj0Yw"ue3j0hDj\¾&yg\uxjN¨{\
~zYwnj0nz|{~Rjia}ws§©{\nh3}|wnz|{~&¾vzuz|Ywn{vvgjNﬃz¸unj0wnz|{~À3²5qt{~h?j"gunj§©3}	uwggjNuwzh-wj0u
~nj*uxw-wj0zunj0wz{\a²#l±unj0wnz|{~Àv¾t¥j*uxwnavs¶we3j*¥2j0}}|a{YuxjNv3jNunu{§ﬀwne3j3z|ujwj¿ue3jih?j"a
zwuµuwy3z|}|z³ws3n{\aj0xwzjNui²d5e3j+i{~t®~j0n\jigij¿~g}|svuxzu5{§#wnegjh?jwneg{tzu0nz|j0ﬃ{~3wz¸unj0wnz|{~À3²
@	z|uxw5¥2j¿3{-®~ji{~t®~j0n\jigij§©{~wnegj¿®\ji}|{vzws?~gwe3ji§©{~we3jµgnjNunun3j~²#d5e3j*}|wnjij0Y3z|njNu2~
jNuwzhwnz|{~¶{~§&wne3j*j0n{~2zwne3j"g3n{¯¹vz|h-wnjµ~iiji}|ji-wz{\&² @	z|g}|}s\¾3ux{\h?jµ{\g}|gunz{\guj~z|®~j0
z|ÀuxjNwz{\6;v²
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 9jw
Ω
yajﬁ &z|gue3zwn¬°±{\Ywnz|Yg{~gu5v{\h?~zz|
R
d
)
d = 2
{~
3
,2¥zwne¸DR{~}|sYegj0v};yR{~3a3s
∂Ω
~g¼{\vw¥~½R{~z|Ywnz|3 3{~h}
n
²K@g{~
T > 0
¥jﬃi{~gunz|3jiwne3j3{~y3}|jih {~§µux{\}®tz|3g¾#§©{\
u : Ω× (0, T ) −→ Rd
g
p : Ω × (0, T ) −→ R
¾gwne3j+wnz|hDji°»3jiRjigvj0Ywza{~h?3j0uunzy3}|j­¯®tz|jin°
qtwn{~¦\j0uj0Ygwnz|{~gu5¥zwnee3{\h?{~~j03ji{\guya{\3g3~ns{~avz³wz{\gu )ì§©{\5wne3ju¦\jµ{~§#unz|hDg}zzws",]


∂tu + u · ∇u− 2ν∇ · ε(u) +∇p = f
z
Ω× (0, T ),
∇ · u = 0
z|
Ω× (0, T ),
u = 0
{~
∂Ω× (0, T ),
u(·, 0) = u0
z|
Ω.
) 7 ,
d5egj0unjµjN\a-wnz|{~au2vjNuninz|yRjwe3jµh?{~wnz|{~{~§ﬀ®Yzu{~auUz|g{\h?3njNununz|y3}jg3zi{~v«a3j0z
Ω
²	l± ) 7 ,¾
ν > 0
i{~njNuxR{~ggu&w{we3j5¦Yz|3j0h?wnzg3z+®tzuni{\unz³ws"{tj .izj0Yw0¾
f : Ω×(0, T ) −→ Rd
ji3j0unjiYwu
D\z®\jiux{\3ijwjih¾
u0 : Ω −→ R
d
uwggu§©{~5wnegj"z3zwnz}9®~ji}|{vzwsa
ε(u)
def
=
1
2
[
∇u + (∇u)T)
]
,
§©{\5wne3juxwnz|ﬃwnjµwnjiaux{\0²
l±wne3j§©{\}}|{-¥zgg¾-¥j2¥z|}}3i{~gunzvjiﬀwne3j5gung~}gqt{~yR{~}|ji®ung~ij0u
W m,q(Ω)
¾¥z³weg{~h
‖·‖m,q,Ω
¾
m ≥ 0
~g
q ≥ 1
²l±Àg~xwz|i3}N¾g¥jeg¯®~j
Lq(Ω) = W 0,q(Ω)
² j+gunj"we3j+uxwa33{w-wz{\
Hm(Ω)
def
= W m,2(Ω)
² d5e3jﬃ3{\nh {§
Hm(Ω)
z|u?vj03{wj0¼yts
‖ · ‖m,Ω
~g¼zwu?unjih?z°I3{\nh yts
| · |m,Ω
²5d5e3j+ung~ij"{§
L2(Ω)
vz|®~j0n\jigijµ§©jij§©3gwz{\guzuvj03{wj0yts
H0(div; Ω)
²d5e3j+ui}
gn{vvgwz
L2(Ω)
z|u3ji3{~wnj0yts
(·, ·)
azwu53{\nh.yYs
‖ · ‖0,Ω
²`d5e3j}|{\unj0uxgyguxa~jNu
H10 (Ω)
¾
i{~gunzuwz3{§2§©3gwz{\gu¿z
H1(Ω)
¥z³we6¬0ji{¶wn~ij{\
∂Ω
¾&g
L20(Ω)
¾ﬀ{\gunz|uxwnz|3{~§^§©3gwnz|{~
z|
L2(Ω)
¥z³we¬iji{DhDjNﬃz
Ω
¾3¥z|}|}9}ux{DyRj"guxjN;²
ê&êìë
 
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 9jwguµ~uuxghDj*weg-wwne3j~z|®~jiﬃ§©3awnz|{~au
f
~g
u0
eg¯®~j\¾g-wµ}jN~uxw0¾3we3j"§©{\}}|{-¥zgnj0~3}z³ws
gn{\aj0xwzjNu
f ∈ L∞(0, T ; [L2(Ω)]d), u0 ∈ [L
2(Ω)]d.
@g{~un(.¶z|jiYwn}|s¶ji\3}|~§©3gwz{\gu
u
~g
p
¾v3{~y3}|jih ) 7 ,eg{~}3u5z³§`a{\3}|s¶z³§


(∂tu,v) + c(u;u,v) + a(u,v) + b(p,v) = (f ,v),
3² j~²#z|
(0, T )
b(q,u) = 0,
3² j~²#z|
(0, T ),
u(0) = u0,
g² j\²#z
Ω,
)Ô1,
§©{\}|}
(v, q) ∈ [H10 (Ω)]
d × L20(Ω)
¾a~g¥egjij
c(w;u,v)
def
= (w · ∇u,v),
a(u,v)
def
= 2(νε(u), ε(v)),
b(p,v)
def
= −(p,∇ · v).
)Ó ,
  	
ﬀ
ﬂﬁﬃ !#"ﬂ
@g{~wne3jDg~}svunz|uyRji}|{-¥ wn{h?~¦~junjigunj~¾awnegjun{~}|vwnz|{~¸~gÀz|3z³wz|~}	g-w¶h+guxweg¯®\j"wne3jh?z3z|h}
ji\3}z³ws
u ∈ [L2(0, T ; H
3
2+(Ω)) ∩ L∞(0, T ; W 1,∞(Ω)) ∩H1(0, T ; L2(Ω))]d,
p ∈ L2(0, T ; H
1
2+(Ω)), u0 ∈ [H
3
2+(Ω) ∩H10 (Ω)]
d ∩H0(div; Ω).
)© ,
l±ﬃwe3z|u5aRji¥j"¥z}|}[§©{~unzh?3}|zzwsh¦\jµwe3juxwn{~3\jinj0~3}z³ws¶\unun3h?vwz{\
u ∈ [L∞(0, T ; W 1,∞(Ω)) ∩H1(0, T ; L2(Ω)) ∩ L2(0, T ; Hr(Ω))]d,
p ∈ L2(0, T ; Hs(Ω)), u0 ∈ [H
r(Ω) ∩H10 (Ω)]
d ∩H0(div; Ω).
)Ô1,
¥zwne
r, s ≥ 2
¾¯z+{~vji9wn{gunj2~33{¯¹vzhygz}|z³ws¿g~jwﬀ{~vwzh}Y{~vj09j0uxwnz|h-wj0u;§©{\&we3j2®\ji}|{vzws~²
mµ3#3j0uun3nj2jin{\9jNuwzh-wj0u#jUyR{~ggvj0yts*wne3j
L2
°Ig{~h {~§gwe3j2j0n{~	z|wnegj5~33{¯¹vzh-wj
\iiji}|ji-wnz|{~
∂tuh
²¨d5e3jjin{\j0uxwnz|h-wnj¥2j3n{-®tzvj?§©{~+wne3zuD\aYwnzws6j0Y3z|j0u*we3j¶§©{\}}|{-¥zg
\3vzwnz|{~g~};nj0~3}zws
u ∈ [H1(0, T ; Hr(Ω))]d,
p ∈ L2(0, T ; Hs(Ω)) ∩H1(0, T ; H1(Ω)).
)Ó ,
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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zYwnj0nz|{~5Rjig~}³ws¶§©{~h+3}-wz{\¥zwnej0Yg~}³°»{~vj02z|YwnjiR{~}-wnz|{~aui²
  ö agõbcô
    1 	#
	
   	
-ﬂ
      ﬁ "   
 9jw
{Th}0<h≤1
"§Ó~h?z}|s¶{§9wnz|~3~3}-wz{\gu2{§&we3j¿3{~hz|
Ω
¥zwneg{~vweg~3~z|3+g{t3j0u0²\@g{~5j0\e
wnzg~3}-wz{\
Th
¾-wne3jun3yguz3w
h ∈ (0, 1]
j§©j0uﬀw{we3j}j0®~j0}Y{~§aj«ggjih?jiYw#{§gwe3jwnz|~3~g}|wnz|{~&¾
¥egz|eﬃz|uvj«ggj0ﬃyts
h
def
= max
K∈Th
hK , hK
def
= max
e⊂∂K
he,
¥zwne
he
we3jvzh?jwji{~§ﬀwe3j¿§Ó~j
e
²
`À{\nj0{-®~j0¿¥j¥z|}}~uux3h?j?weg-wwe3j?§Óh?z|}s {§5wnz3\3}-wnz|{~
{Th}0<h≤1
z|uYg\uxz°»33z§©{~hﬃ¾
zI² j~²|¾
hK
ρK
< CR, hK ≥ CUh, ∀K ∈ Th, ∀h ∈ (0, 1],
); ,
¥egjij
ρK
uxwa3u"§©{\"wne3jﬃvzh?jwji+{~§5wne3j}|~n\j0uxw*z|guzyRj0¼yg}|}Uz|
K
a
CR, CU > 0
~nj
«g¹tjNi{~guxw~Ywu0²
l±Àwe3junj0Y3j0}Ô¾awnegj+¥{~ﬃ§Ó~jNuj§©j0uwn{¶jNv~jNuz|6  gﬃ§Ó\jNuz|¨  ¾R~gwe3jvzuxwnz|gwz{\
¥z|}|}	g{w*yaj?h~vjD33}|j0uu¿3j0ij0u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{~Yw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ϕ
¾[wnegjµghD
JϕKe
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j
e
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vji«g3jNyts
JϕKe(x)
def
=
{
lim
t→0+
(
ϕ(x − tne)− ϕ(x + tne)
)
,
z³§
e 6⊂ ∂Ω,
0,
z³§
e ⊂ ∂Ω,
¥egjij
ne
z|uD3{\nh~}Rg3z³wµ®~j0wn{\{\
e
g
x ∈ e
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vj03{wjw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§©ggwz{\gu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k
¾
V kh
def
=
{
v ∈ H1(Ω) : v|K ∈ Pk(K), ∀K ∈ Th
}
,
~g
H2(Th)
we3jung~ijµ{~§	3z|j0iji¥zuxj
H2
§©ggwz{\gui¾
H2(Th)
def
=
{
v : Ω −→ R : v|K ∈ H
2(K), ∀K ∈ Th
}
.
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d
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Qkh
def
= V kh ∩
L20(Ω)
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def
= [V kh ]
d×Qkh
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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j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t ∈ (0, T )
¾Y«ga
(uh(t), ph(t)) ∈ W
k
h
ungeweg-w
(∂tuh,vh) + (A + J)
[
uh; (uh, ph), (vh, qh)
]
= (f ,vh),
uh(0) = u0,h,
)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(vh, qh) ∈ W
k
h
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w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z3D3{~w-w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A
[
wh; (uh, ph), (vh, qh)
] def
= ah(uh,vh) + ch(wh;uh,vh)
+ bh(ph,vh)− bh(qh,uh),
) 70 ,
ch(wh;uh,vh)
def
= c(wh;uh,vh) +
1
2
(∇ ·whuh,vh)
−
1
2
〈wh · nuh,vh〉∂Ω ,
) 77 ,
ah(uh,vh)
def
= a(uh,vh)− 〈2νε(uh)n,vh〉∂Ω − 〈uh, 2νε(vh)n〉∂Ω
+
〈
γν
ν
h
uh,vh
〉
∂Ω
+ 〈uh · n,vh · n〉∂Ω ,
) 7N1,
bh(ph,vh)
def
= b(ph,vh) + 〈ph,vh · n〉∂Ω ,
) 70 ,
J
[
wh; (uh, ph), (vh, qh)
] def
= jwh(uh,vh) + γj(uh,vh)
+ j(ph, qh),
) 7i ,
¥zwne
jwh(uh,vh)
def
=
∑
K∈Th
∫
∂K
h2K |I
1
hwh · n|
2J∇uhK : J∇vhK ds,
j(uh,vh)
def
=
∑
K∈Th
∫
∂K
h2KJ∇uhK : J∇vhK ds,
j(ph, qh)
def
=
∑
K∈Th
∫
∂K
h2KJ∇phK · J∇qhK ds.
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zwunji}§&{~`we3jh-¹?®-}|3j{~§
wh
{\ wne3j§Ó\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(u, p)
O%VK  1  
  " ) 7 ,
(uh, ph) ∈ W
k
h
O%VF ﬁ1 ! W " )J , 
-QC1 # ﬀ%& 
(u, p)
%V Fﬀ%& ﬀ&  I	 
1 8 	ﬀﬃ )Ó ,  
 %& 
(∂t(u− uh),vh) + A
[
u; (u, p), (vh, qh)
]
− (A + J)
[
uh, (uh, ph), (vh, qh)
]
= 0,
  ﬀ   ﬀ
(0, T ),
"
	$ ﬀ
(vh, qh) ∈ W
k
h
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z|guxw~g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vh ∈ V
k
h
¾ga
K ∈ Th
¾
0 < h ≤ 1
¾twne3j0nj"eg{~}3u
‖vh‖l,p,K ≤ CIh
m−l+d( 1p−
1
q )
K ‖vh‖m,q,K ,
) 70 ,
¥zwne
CI
½R{\unz³wz®\jÀ{~auwYw0¾zavjiRjig3jiYw¶{§
h
¾
K
¾
p
g
q
¾5g ¥e3j0nj
0 ≤ m ≤ l
~g
1 ≤ p, q ≤∞
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u ∈ Hr(Ω)
¾
r ≥ 2
¾\¥jeg¯®\jwne3j§©{~}|}{-¥z|3uxw~g3?ji{~^jNuwzh-wj )Ôuxj0j 587<[C9»¾Y§©{~2zguxw~gj ,¾
‖Ikhu− u‖0,Ω + h‖∇(I
k
hu− u)‖0,Ω ≤ Ch
ru‖u‖ru,Ω,
) 7C; ,
¥egjij
ru = min(r, k + 1)
²^d5egjµ§©{\}}|{-¥z|3uwy3z|}zws¶jNuwzh-wj0u§©{\5wne3j
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‖Πkhu‖0,Ω ≤ C‖u‖0,Ω,
‖Πkhu‖1,Ω ≤ C‖u‖1,Ω,
) 7<[ ,
§©{\}|}
u ∈ H1(Ω)
²Ud5etgu0¾t§©n{\h ) 7 ; ,i¾v¥2j*we3jiÀvjNvgj¿weg-w
‖u−Πkhu‖0,Ω + h‖∇(u−Π
k
hu)‖0,Ω ≤ Ch
ru‖u‖ru,Ω,
) 7<J ,
§©{\
u ∈ Hr(Ω)
²l±¸~33z³wz{\&¾3we3j§©{\}}|{-¥zg¶uwy3z|}zws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e3jij
Cpi > 0
zu¶i{~guxw~\w
z|gvj0aj0gvj0\w{~§
h
)Óy3vwg{w{§	wne3j"R{~}|st3{~h?z}[{~vj0-,¾
‖Πkhu‖0,∞,Ω ≤ Cpi‖u‖0,∞,Ω, ∀u ∈ L
∞(Ω),
)I ,
‖Πkhu‖1,∞,Ω ≤ Cpi‖u‖1,∞,Ω, ∀u ∈ W
1,∞(Ω).
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‖∇Πkhu‖0,∞,Ω = ‖∇(Π
k
hu−Π
0
K˜
u)‖0,∞,K˜
≤ Ch−1‖Πkhu−Π
0
K˜
u‖0,∞,K˜
≤ Ch−1
(
‖Πkhu− u‖0,∞,Ω + ‖u−Π
0
K˜
u‖0,∞,K˜
)
≤ Ch−1
(
‖Ikhu− u‖0,∞,Ω + ‖u−Π
0
K˜
u‖0,∞,K˜
)
,
¥egjij
K˜ ∈ Th
uwg3u2§©{\2we3j*ji}|jih?jiYw¥e3j0njµwne3j*h-¹vz|h+3h·®-~}3j¿zuw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u
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u
{~Yw{D3z|j0j0¥z|unjµi{~guxw~Yw{\
K˜
² 33}|sYz|3D3{-¥ )I1,Uw{+we3j¿«guxwwnjih
{~§9we3j"nz|~eYweg~guxzvj*¥2j"i{~gi}g3j
‖∇Πkhu‖0,∞,Ω ≤ Ch
−1
(
‖Ikhu− u‖0,∞,Ω + ‖u−Π
0
K˜
u‖0,∞,K˜
)
≤ C‖∇u‖0,∞,Ω.
l»wwe3jiﬃ§©{\}}|{-¥u2wnegw
‖Πkhu− u‖0,∞,Ω + h‖Π
k
hu− u‖1,∞,Ω ≤ Ch‖u‖1,∞,Ω,
)I~1,
§©{\}|}
u ∈ W 1,∞(Ω)
²
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SZkh : W
1,∞(Ω) → V kh
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CB > 0
ﬀ-& & "
h
 10%6ﬀ%&  " 	$ ﬀ
u ∈ W 1,∞(Ω)
  
vh ∈ V
k
h

‖SZkh(uvh)− uvh‖0,Ω ≤ CBh‖u‖1,∞,Ω‖vh‖0,Ω.
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u ∈ W 1,∞(Ω)
  
vh ∈ V
k
h
ﬀ%&	  %V
ﬃC
‖Πkh(uvh)− uvh‖0,Ω ≤ h‖u‖1,∞,Ω‖vh‖0,Ω,
‖Πkh(uvh)−Π
k
huvh‖0,Ω ≤ h‖u‖1,∞,Ω‖vh‖0,Ω.
)I ,
! 	 < " Uºµuxz|3?we3juwy3z|}|z³ws¶{~§9we3j
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{jNwz{\¥j¿h¯s¶¥zwnj
‖Πkh(uvh)− uvh‖0,Ω ≤ ‖Π
k
h(uvh)− SZh(uvh)‖0,Ω
+ ‖SZh(uvh)− uvh‖0,Ω
≤ ‖Πkh(uvh − SZh(uvh))‖0,Ω
+ ‖SZh(uvh)− uvh‖0,Ω
≤ 2‖SZh(uvh)− uvh‖0,Ω.
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‖Πkh(uvh)−Π
k
huvh‖0,Ω ≤ ‖Π
k
h(uvh)− uvh‖0,Ω
+ ‖(u−Πkhu) · vh‖0,Ω
≤ ‖Πkh(uvh)− uvh‖0,Ω
+ ‖u−Πkhu‖0,∞,Ω‖vh‖0,Ω.
d5etgu0¾ﬀ)Ô~1,
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z|u5{\yvw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1
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‖v‖20,∂K ≤ C
(
h−1K ‖v‖
2
0,K + hK‖∇v‖
2
0,K
)
, ∀v ∈ H1(K),
)Ô ,
unjij 5870 9g§©{~2*3n{t{~§²ﬀl±g~xwz|i3}N¾ytsDi{~h+ygz3z|3*we3jyR{-®~j5jNuwzh-wj¥zwne¶*z|Y®\jiuxj5z|3j0Yg~}zws
) 701,¾3zw§©{~}|}{-¥uweg-w
‖vh‖
2
0,∂K ≤ CTh
−1
K ‖vh‖
2
0,K , ∀vh ∈ V
k
h .
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ν
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pi∗hv(xi)
def
=
1
ni
∑
{K : xi∈K}
v|K(xi), ∀v ∈ [H
2(Th)]
d,

ﬀO%
H2(Th)
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γi > 0

i = 1, 2, 3
 A&  ﬀ>G WO%VYﬃ   # %
 !	 ﬃ I1  -
 
 O%V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h
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‖h
1
2
(
wh · ∇vh − pi
∗
h(wh · ∇vh)
)
‖20,Ω ≤ γ1jwh(vh,vh),
)I ,
‖h
1
2
(
∇ · vh − pi
∗
h(∇ · vh)
)
‖20,Ω ≤ γ2j(vh,vh),
)IA; ,
‖h
1
2
(
∇qh − pi
∗
h(∇qh)
)
‖20,Ω ≤ γ3j(qh, qh),
)I
[ ,
"
	$ ﬀ
(vh, qh,wh) ∈ [V
k
h ]
d × V kh × [V
1
h ]
d
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wh ∈ [V
k
h ]
d
\z®\ji&¾twe3j*wnz|3}ji°Ig{~h
|||(vh, qh)|||
2
wh
def
= ‖vh‖
2 + J
[
wh; (vh, qh), (vh, qh)
]
,
)I
J ,
ê&êìë
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‖vh‖
2 def= ‖ν
1
2∇vh‖
2
0,Ω + ‖h
1
2∇ · vh‖
2
0,Ω + ‖(γνν)
1
2 h−
1
2 vh‖
2
0,∂Ω
+ ‖vh · n‖
2
0,∂Ω.
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{?zYwn{vvgij*D3{\nh.®¯~}z§©{~5§©3awnz|{~au
(v, q) ∈ [H
3
2+(Ω)]d ×H
1
2+(Ω)
¾
||](v, q)[||
2 def
= ‖ν
1
2∇v‖20,Ω + ‖h
1
2∇ · v‖20,Ω + ‖h
− 12 q‖20,Ω
+ ‖h−
1
2 v‖0,Ω + ‖(νh)
1
2∇v‖20,∂Ω + ‖q‖
2
0,∂Ω.
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|||(u− Πkhu, p−Π
k
hp)|||0 ≤ C(ν
1
2 + h
1
2 )hru−1‖u‖ru,Ω
+ Chrp−
1
2 ‖p‖rp,Ω,
)ÔV7 ,

-
||](u−Πkhu, p−Π
k
hp)[|| ≤ C(ν
1
2 + h
1
2 )hru−1‖u‖ru,Ω
+ Chrp−
1
2 ‖p‖rp,Ω,
)Ô\1,

ﬀO%
ru = min(r, k + 1)

-
rp = min(s, k + 1)

C > 0
  &  A&  ﬀ>Y
& ﬃY 
γν

γ
 
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‖ν
1
2∇(u−Πkhu)‖
2
0,Ω ≤ Cνh
2(ru−1)‖u‖2ru,Ω,
~g
‖h
1
2∇ · (u−Πkhu)‖
2
0,Ω ≤ Ch
2ru−1‖u‖2ru,Ω.
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‖u−Πkhu‖
2
0,∂Ω ≤ C
∑
e⊂∂Ω
(
h−1Ke‖u−Π
k
hu‖
2
0,Ke
+ hKe‖∇(u−Π
k
hu)‖
2
0,Ke
)
≤ Ch2ru−1‖u‖2ru,Ω,
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  ö agõbcô
7¯    1 	#
	
   	
-ﬂ
¥egjij
Ke
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¹ ungeªw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e ⊂ ∂Ke ∩ ∂Ω
²½d5egjz|Ywnjiz|{~+Rjia}ws½wnjihu~nj
wnjN-wj0zﬃwnegjun~hDj¿§Ó\uxe3z|{~~uwe3j"yR{~3ggs?wnjihui²	 j"eg¯®\j
j(u−Πkhu,u−Π
k
hu) =
∑
K∈Th
h2K
∫
∂K
J∇(u −Πkhu)K
2 ds
≤ C
∑
K∈Th
h2K‖∇(u−Π
k
hu)‖
2
0,∂K
≤ C
∑
K∈Th
(
hK‖∇(u−Π
k
hu)‖
2
0,K + h
3
K‖∇
2(u−Πkhu)‖
2
0,K
)
≤ C
(
h‖∇(u−Πkhu)‖
2
0,Ω + h
3‖∇2(u−Πkhu)‖
2
0,Ω
)
≤ Ch2ru−1‖u‖2ru,Ω.
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°
gn{~j0wz{\¶we3jij"e3{~}3u
‖(νh)
1
2∇(u−Πkhu)‖
2
0,∂Ω ≤ C‖ν
1
2∇(u− Ikhu)‖
2
0,Ω
+ Ch2
∑
K∈Th
‖ν
1
2 (u− Ikhu)‖
2
2,K
≤ Cνh2ru−2‖u‖2ru,Ω.
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u ∈ [H
3
2+(Ω)∩H10 (Ω)]
d∩H0(div; Ω)
¾-¥2jvjig{wnjyts
Skhu
def
= (P kh u, R
k
hu) ∈
W kh
wnegj"33z\gjux{\}vwz{\{~§

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(P kh u,vh) + ah(P
k
h u,vh) + bh(R
k
hu,vh)
+ γj(P kh u,vh) = (u,vh) + ah(u,vh),
− bh(qh, P
k
h u) + j(R
k
hu, qh) = 0,
)Ô ,
§©{\}|}
(vh, qh) ∈ W
k
h
²
ks \unun3h?zg¨weg-w
u
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u ∈ [L2(0, T ; Hr(Ω)∩H10 (Ω)]
d ∩H0(div; Ω)
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‖u− P kh u‖L∞(0,T ;L2(Ω)) ≤ C(ν
1
2 + h
1
2 )hru−1‖u‖L2(0,T ;Hru (Ω)),
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u ∈ [L2(0, T ; Hr(Ω)∩H10 (Ω)∩H0(div; Ω))]
d 
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∂tu ∈ [L
2(0, T ; Hru(Ω))]d
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‖∂t(u− P
k
h u)‖L∞(0,T ;L2(Ω)) ≤ C(ν
1
2 + h
1
2 )hru−1‖∂tu‖L2(0,T ;Hru (Ω)).
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C1h,k
def
=
{
qh ∈ Q
k
h : j(qh, qh) = 0
}
,
V divh,k
def
=
{
vh ∈ [V
k
h ]
d : bh(qh,vh) = 0, ∀qh ∈ C
1
h,k
}
.
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Qkh\C
1
h,k
¥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C1h,k
z|
Qkh
¾3zI² j~²|¾
Qkh = (Q
k
h\C
1
h,k)⊕ C
1
h,k.
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V divh,k
zu3{~w5wnz®tz} )©zI² j~²
V divh,k 6= {0}
,²
 2Â
 ¼¢
 %V	 )A $ 
V
&
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h
 1%?O%V

inf
qh∈C1h,k
sup
vh∈[Vh]d
|bh(qh,vh)|
‖qh‖0,Ω‖vh‖1,Ω
≥ β.
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qh ∈ C
1
h,k
²T@gn{\h 5 ~v¾-P2{\n{\}}s¶v² 
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vq ∈ [H
1
0 (Ω)]
d
uxgewnea-w
∇ · vq = qh, ‖vq‖1,Ω ≤ C‖qh‖0,Ω.
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‖qh‖
2
0,Ω = (qh,∇ · vq)
= (qh,∇ · vq −∇ · Π
k
hvq) + (qh,∇ ·Π
k
hvq)
= (∇qh,vq −Π
k
hvq)− 〈qh, (Π
k
hvq) · n〉∂Ω
+ (qh,∇ · Π
k
hvq)
= (∇qh,vq −Π
k
hvq)− bh(qh, Π
k
hvq).
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j(qh, qh) = 0
¾v¥j*~jw
|(∇qh,vq −Π
k
hvq)| = |(∇qh −Π
k
h(∇qh),vq −Π
k
hvq)|
≤ ‖∇qh −Π
k
h(∇qh)‖0,Ω‖vq −Π
k
hvq‖0,Ω
≤ γ3h
− 12 j(qh, qh)‖vq −Π
k
hvq‖0,Ω
= 0.
d5etgu0¾t§©{~h )Ô[ ,¾3z§ﬀ§©{\}}|{-¥u2wnegw
|bh(qh, Π
k
hvq)| = ‖qh‖
2
0,Ω.
l±À\3vzwnz|{~&¾t§©{~h ) 7<[1,5~g )Ó>; ,¾3¥j*eg¯®~j
‖Πkhvq‖1,Ω ≤ C‖vq‖1,Ω
≤ C‖qh‖0,Ω,
¥egz|e{\hDg}jiwnj0uwe3j"3{t{§²

 j"3{-¥puxwwnj*we3j*h?~zj0un3}w5{~§ﬀwe3zug\~3e&²
 

ÂtÆ
¡
Â
 
 %V    	  -	0ﬃ ) J ,

ﬀﬀ%
u0,h ∈ V
div
h,k
%V )1 /1& 
ﬁ1 !  
! 	 < " ^Un{\y3}j0h ) J1,5i~ﬃyRj*¥nzwxwji&¾gz{~Rji-w{~§©{~h¾3~u
M∂tuh + A(uh)uh + B
T ph = M f ,
z|
(
[V kh ]
d
)′
,
Buh = Jph,
z
[Qkh]
′,
uh(0) = u0,h,
)ÔJ ,
¥zwne
M ∈ L
(
[V kh ]
d,
(
[V kh ]
d
)′) ¾
A ∈ L
(
[V kh ]
d × [V kh ]
d,
(
[V kh ]
d
)′) ¾
B ∈ L
(
[V kh ]
d, (Qkh)
′
)
a
J ∈ L
(
Qkh, (Q
k
h)
′
)
vj«a3j0ﬃyts
〈Muh,vh〉
def
= (uh,vh),
〈A(wh)uh,vh〉
def
= ah(uh,vh) + ch(wh;uh,vh) + jwh(uh,vh)
+ γj(uh,vh),
〈Bvh, qh〉
def
= b(qh,vh),
〈Jph, qh〉
def
= j(ph, qh).
 j}un{z|Ywn{t3gj¿wnegj"{~Rji-wn{\
B1 ∈ L
(
[V kh ]
d, (C1h,k)
′
)
vj«ggj0ﬃyts
〈B1vh, qh〉
def
= bh(qn,vh), ∀(vh, qh) ∈ [V
k
h ]
d × C1h,k,
ê&êìë
 
	ﬀﬁﬃﬂ ! #" 	$ﬀ%&(') *	+,-.$0/1& ! & 7¯
z|{we3ji¥{~3u0¾
B1vh
def
= (Bvh)|C1
h,k
, ∀vh ∈ [V
k
h ]
d.
@gn{\h  9jih?h¶v²87¾3zw§©{~}|}{-¥uweg-w
B1
zuun3ÓjNwz®\jg
(B1)T
z|uz-jNwz®\j+)Óunjij5äv¾ag\j"[ 9 ,²
 j*wnegjiÀvj03gj¿wnea-w
V divh,k
def
=  
ji
(B1) 6= {0}
²
 9jwgui{~gunzvjiwne3j¨§©{~}|}{-¥z|3¼j0vaj0K§©{~h+3}-wz{\ )Óvj0nz|®~jN §©n{\h ) J ,¶¥z³we
(vh, qh) ∈
V divh,k × (Q
k
h\C
1
h,k)
,]#«ga
(uh(t), p˜h(t)) ∈ V
div
h,k × (Q
k
h\C
1
h,k)
ungeweg-w
M∂tuh + A(uh)uh + B
T p˜h = M f ,
z|
(
V divh,k
)′
,
Buh = Jp˜h,
z
(
Qkh\C
1
h,k
)′
,
uh(0) = u0,h.
)Ó\ ,
qvzgij~¾vytsi{~guxwngwz{\&¾
C1h,k =  
ji
(J)
¾3¥j"{~a}|gvj¿wnegw
J
zu5zt®\jinwnz|y3}j¿z|
Qkh\C
1
h,k
²T4jigij~¾
§©{~h )©\ ,¾v¥j*eg¯®~j
p˜h = J
−1
|Qk
h
\C1
h,k
Buh.
)Ó&7 ,
ksª3}|3\~z|3¸we3z|uDji¹tgnjNununz{\¼z|\w{¨we3jﬃ«guwDj0Yg-wz{\ {~§)Ó\1,¾U¥j{~y3wz|¼weg-w
uh(t) ∈ V
div
h,k
un{~}|®~jNu
M∂tuh + A(uh)uh + B
T J−1
|Qk
h
\C1
h,k
Buh = M f ,
z|
(
V divh,k
)′
,
uh(0) = u0,h,
¥egz|ePz|u?¨uxw~g3~:P~gets½3n{\y3}|jih §©{~
uh
²ªŁ^¹tzuxwnjiajg 33z\gji3jNunuD{§
uh
§©{~}|}|{-¥u+yts
we3j  9zaune3zwn¬{~Ywzt3zws{~§
A
² j+h¯swne3j0¸j0{-®\ji
p˜h
3gz|Y3j0}sﬃ§©{~h )©&7 ,²d5egjij§©{~j~¾gwne3j
j03gjNgn{\y3}j0h )Ó\ ,eg~u¶33z\gj+ux{\}3wnz|{~&²mµﬃwne3j{~wne3j0eg~g;¾g§©n{\hwnegj"«guwjNYg-wz{\ﬃ{~§
)Ó\1,¾3z§ﬀ§©{\}}|{-¥uwnegw
M∂tuh + A(uh)uh + B
T p˜h −M f ∈
(
 
ji
(B1)
)0
,
¥zwne
(
 
ji
(B1)
)0 uxwavzg§©{~*wnegja{\}|~uxjiw{§
 
ji
(B1)
² @gn{\h  &j0h?h?¸3²ﬃ7~¾ﬀzw"§©{~}|}{-¥u¿weg-w
B1
zu*Àzux{\hD{\nge3z|unh §©n{\h
C1h,k
{\\w{
(
 
ji
(B1)
)0 )Ôuxj0j 5äv¾[g~~j?
[ 9 ,²¿d5etgui¾Rwe3jij+ji¹tzuxwu
g3z|Y3j
p1 ∈ C1h,k
uxgeﬃweg-w
M∂tuh + A(uh)uh + B
T p˜h −M f = (B
1)Tp1
z|
(
[V kh ]
d
)′
.
)ÓY1,
d5egjij§©{~j~¾§©n{\h )©t ,`~g)©\ ,¾YgDyts+3{~wnzz|3*wnea-w
(B1)Tp1 = BTp1
~g
Jp1 = 0
¾~z§[§©{~}|}{-¥u
weg-wgn{\y3}j0h )J ,eg~u?3gz|Y3j"un{~}|vwnz|{~&¾v\z®\jiﬃyts
(uh, ph
def
= p˜h − p
1)
²

Â
¼¢v¡ 
G 	 A	YV1 	   *C	   ﬀZﬀ%& " ﬀﬃ

ﬀ

) %& ﬀ\
u0,h = P
k
h u0 ∈
V divh,k
 
  ö agõbcô
7N    1 	#
	
   	
-ﬂ
     !       
d5egj"§©{~}|}{-¥z|3  &j0h?h?¶3n{-®tzvj0ui{~Ywn{~} )©33z§©{~h z
ν
,{§#wnegj+vz|®~ji~j0gj"i{~guxwnz|Ywwne3{~3\e
we3juxwygz}|z¬N-wz{\wjih?u0²
 2Â  ¼¢    RÂ ¡ RÂ £ Â £ Æ   i¡ Æ 0 ﬀ  1 #
(uh, ph) ∈ W
k
h
0?  ﬁ1 ! _ " ) J ,    %V	 
A    &
&
C > 0
IV-
ﬀ?  ﬃ  Sﬀ%& % A # 	 ﬃ  1%?O%V

C‖h
1
2∇ · uh‖
2
0,Ω ≤ J
[
0; (uh, ph), (uh, ph)
]
+ ‖uh · n‖
2
0,∂Ω.
! 	 < " Ukswnj0uxwnz|3*) J ,¥zwne
vh = 0
¥j"~jiw
(qh,∇ · uh)− 〈qh,uh · n〉∂Ω + j(ph, qh) = 0.
d5etgu0¾tw~¦tz3
qh = pi
∗
h(h∇ · uh)
stz|ji}3u
‖h
1
2∇ · uh‖
2
0,Ω + (∇ · uh, pi
∗
h(h∇ · uh)− h∇ · uh)
= 〈pi∗h(h∇ · uh),uh · n〉∂Ω − j(ph, pi
∗
h(h∇ · uh)).
l»w¿§©{~}|}|{-¥uwnegji&¾;ytsﬃwne3j?Yg~unz°I3gz³§©{\nh?zws{~§^wne3jh?j0une&¾&YP~gets\°qvet¥5¬¿z|3jN\a}|z³ws\¾[¶wn~ij
z|3jN\a}|z³ws~gﬃﬃzt®~j0unj*zgj0Yg}|zws~¾twnea-w
1
2
‖h
1
2∇ · uh‖
2
0,Ω ≤
1
2
‖h
1
2
(
pi∗h(∇ · uh)−∇ · uh
)
‖20,Ω
+ C
(
‖uh · n‖0,∂Ω + j
1
2 (ph, ph)
)
‖h
1
2 pi∗h(∇ · uh)‖0,Ω.
d5egjij§©{~j~¾tgunz|3Dwne3j*wnz3\}j*z|3j0Yg~}zws~¾twe3zustzj0}|3u
1
2
‖h
1
2∇ · uh‖
2
0,Ω ≤ C‖h
1
2
(
pi∗h(∇ · uh)−∇ · uh
)
‖20,Ω
+ C
(
‖uh · n‖
2
0,∂Ω + j(ph, ph)
)
+ C
(
‖uh · n‖0,∂Ω + j
1
2 (ph, ph)
)
‖h
1
2∇ · uh‖0,Ω.
 j{\g}|gvj*gunz|3^{\33  u5z|3j0Yg~}zws~gwne3j"z|YwnjiR{~}-wnz|{~njNuxg}³w)IA; ,²

ºµuxz|3 9jih?hv²ä¿¥2jh¯s3{-¥ une3{-¥Pwnegw^wnegjy3z|}z|3j0~`§©{~h zuUi{tjiz|®~j§©{~Uwne3jwnz|3}|j3{\nh
||| · |||
wh
²
 2Â
 ¼¢   
Æ&Â
¡-£

 
Ãﬀ  -%&	0HAﬀF  &
&
CA > 0
 V-
ﬀQ  ﬃ  
Ω

-
γν

1%?O%V

(A + J)
[
wh; (vh, qh), (vh, qh)
]
≥ CA|||(vh, qh)|||
2
wh
,
"
	$ ﬀ
(wh, (vh, qh)) ∈ [V
k
h ]
d ×W kh
 
ê&êìë
 
	ﬀﬁﬃﬂ ! #" 	$ﬀ%&(') *	+,-.$0/1& ! & 7 ;
! 	 < "  @gn{\h )J ,¥2j*eg¯®\j
(A + J)
[
wh; (vh, qh), (vh, qh)
]
≥ 2‖ν
1
2 ε(vh)‖
2
0,Ω
+ J
[
wh; (vh, qh), (vh, qh)
]
+ ‖γ
1
2
ν (ν/h)
1
2 vh‖
2
0,∂Ω
+ ‖vh · n‖
2
0,∂Ω − 〈4νε(vh)n,vh〉∂Ω ,
)Ó\ ,
¥egjij¿¥j*gunj0wne3j¿§Ó\wwnea-w0¾a-§ìwnj0zYwji~-wz{\ytsanwu0¾
(wh · ∇vh,vh) =
1
2
[
〈wh · nvh,vh〉∂Ω − (∇ ·whvh,vh)
]
.
d5egj}|\uwUwnjih z )©\ ,^i~yajµya{\3gvjNgunzg"wne3j PgetsY°qvet¥~n¬zgj0Yg}|zws+§©{\}}|{-¥2jNDyYs )I~1,
~gwne3jYg\uxz°Ig3z³§©{\nh?zws{§	wne3j"h?jNuxe )!;1,¾vw{{~yvwz|
| 〈4νε(vh)n,vh〉∂Ω | ≤ 8
CT
CUγν
‖ν
1
2 ε(vh)‖
2
0,Ω +
1
2
‖γ
1
2
ν
(ν
h
) 1
2
vh‖
2
0,∂Ω.
l±ﬃwe3j"uxjN\gji}&¥j*¥z}|}9~uun3h?jweg-w
γν > 4
CT
CU
> 0,
)©\ ,
~gwne3j0nji§©{~j
λ(γν)
def
= 2− 8
CT
CUγν
> 0.
@gn{\h )©Y1,¾g¥2j¿wnegji~jiw
(A + J)
[
wh; (vh, qh), (vh, qh)
]
≥ λ(γν)‖ν
1
2 ε(vh)‖
2
0,Ω
+ J
[
wh; (vh, qh), (vh, qh)
]
+
1
2
‖γ
1
2
ν (ν/h)
1
2 vh‖
2
0,∂Ω
+ ‖vh · n‖
2
0,∂Ω,
~gﬃ{~auxjN\gjiYwn}|s
(A + J)
[
wh; (vh, qh), (vh, qh)
]
≥ min
{
λ(γν),
γν
4h
}(
‖ν
1
2 ε(vh)‖
2
0,Ω + ‖ν
1
2 vh‖
2
0,∂Ω
)
+ J
[
wh; (vh, qh), (vh, qh)
]
+
1
4
‖γ
1
2
ν (ν/h)
1
2 vh‖
2
0,∂Ω
+ ‖vh · n‖
2
0,∂Ω.
l±g~xwz|i3}N¾Yytseg{Y{Yuxz|3)Ó\i{\3z3\}s¥zwne )Ó~ ,$,
γν
def
=
1
8
+ 4
CT
CU
,
~gﬃuxz|gj
0 < h ≤ 1
¾v{\3j"{~y3wz|gu
λ(γν) <
γν
4h
.
 j{\g}|gvj¿we3j"3{Y{~§ﬀgunz|3
 
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 j3{-¥¼3{-®~j{~t®\ji~jiaj#«guw#{§awne3j®~j0}{viz³wzjNu	~g"we3jiD{§gwne3j3j0uux3j0u0²ﬀqtz|gij2we3j53{~y3}|jih
3j0{\h?a{YuxjNu+z|Ywn{¨{\3jﬃ}z|3j0~anw?~g¼{\3j3{\v°»}z|3j0~anwzw?zu?{\Y®\ji3z|jiYw«guxw+w{6j00}|}
gnj0}z|h?zg~nsj0un3}wnj0\vz|3wne3ji{~Ywnz|t3z³ws{§9we3j+qYw{~¦~jNuuxsvuxwnj0h·§©n{\h 5870C9»²
 2Â  ¼¢  %V	 )A $ 
V
&
C > 0
 ﬀ-A& & "
ν

-
h
 1%?O%V 
ah(v,vh)− bh(q,vh) + bh(qh,v) ≤ C||](v, q)[|||||(vh, qh)|||0,
"
	$ ﬀ
(q,v) ∈
[
(V kh )
⊥ × ([V kh ]
d)⊥
]
∩ [H2(Th)]
d+1 
- (qh,vh) ∈ V
k
h × [V
k
h ]
d
 
! 	 < " ºµuxz|3YP~getsY°±qvet¥5¬¿~gﬃwnegj"wn~ijzgj0Yg}|zws)I~1,gÀunzaj
0 < h, ν ≤ 1
¾g§©{~we3j
«auxw5wnjih.{\3j*njN~vz|}|s{~yvwz|gu
ah(v,vh) ≤ C||](v, 0)[|||||(vh, 0)|||0.
@g{~+wne3jﬃuxjN{~a¨wjih ¥2j¶ea¯®~j~¾	gunzgÀwne3j{~nwne3{\~{\g}|z³ws¨{§
q
)ìw{
V kh
,a wne3jzYwnj0nR{~}-wz{\
jNuwzhwnj )Ô; ,¾
bh(q,vh) = −(q,∇ ·wh − pi
∗
h(∇ · vh)) + 〈q,vh · n〉∂Ω
≤ ‖h−
1
2 q‖0,Ω‖h
1
2 (∇ · vh − pi
∗
h(∇ · vh))‖0,Ω
+ ‖q‖0,∂Ω‖vh · n‖0,∂Ω
≤ C||](0, q)[|||||(wh, 0)|||0.
l±À?unzh?z|}|~2§Ó\uxegz{\&¾g-§ìwjiz|Ywnji\wnz|{~yYsgnwu5z|ﬃwne3j*we3zwnj0nh¾v{~gj¿{\yvw~zau
bh(qh,v) = −(qh,∇ · v) + 〈qh,v · n〉∂Ω
= (∇qh,v)
= (∇qh − pi
∗
h(∇qh),v)
≤ ‖h
1
2 (∇qh − pi
∗
h(∇qh))‖0,Ω‖h
− 12 v‖0,Ω
≤ C||](v, 0)[|||||(0, qh)|||0.
4jigij~¾vwe3j*3{Y{~§ﬀzu{\h?3}jiwnj\²
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
ÂtÆ
¡
Â

ﬁ 
(u, p)
O%VE ﬁ1 ! 6 " ) 7 , 
(uh, ph) ∈ W
k
h
ﬀ%&E
ﬁ1 ! Y " )J ,

ﬀO%
u0,h =
P kh u0

-6 01 #O%V 
(u, p)
%&C)O%V )ﬀ #
 	 
1 ﬃ
	ﬀ ﬃ )© ,    -%&  ﬀ%& " ﬀﬃ

ﬀQ    
   	  A  !  ! #
(%V 8
‖Πkhu− uh‖
2
L∞(0,T ;L2(Ω)) ≤ ‖Π
k
hu0 − u0,h‖
2
0,Ω
+ cexp
∫ T
0
(
c1||](u−Π
k
hu, 0)[||
2
+ c2J
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
])
dt,
)ÓY1,
ê&êìë
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-
∫ T
0
|||(Πkhu− uh, Π
k
hp− ph)|||
2
uh
dt ≤ ‖Πkhu0 − u0,h‖
2
0,Ω
+ cexp
∫ T
0
(
c1||](u−Π
k
hu, 0)[||
2
+ c2J
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
])
dt,
)Ó\ ,

ﬀO%
cexp
def
= e
CT
“
h‖u‖2
L∞(0,T ;W1,∞(Ω))
+‖u‖
L∞(0,T ;W1,∞(Ω))
”
,
c1
def
= C
(
1 + h
1
2 ‖u‖L∞(0,T ;W 1,∞(Ω))
)
,
c2
def
= C
(
1 + ‖u‖2L∞(0,T ;L∞(Ω)) + h
2‖u‖2L∞(0,T ;W 1,∞(Ω))
)
,

ﬀO%
C > 0
 &Cﬀ ﬀ*   V  ﬀ-A&-& "
ν
 -
h
 
 juxwn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ν
²#kji§©{~j
gn{-®tz|3"wnegj¿h~zﬃ{~t®\ji~jiajwe3ji{\nj0h ¥j*uw-wnjµw¥{z|h?hDjNvz-wnj*{\gunj0Y3jiaj0u2z|we3j§©{\nh·{~§
i{~{~}|}|~nz|j0u0²

Æ
¡
Æ
0 0Ó¢v¡
Ã
 
 	)O%V%ﬃ& O%V F "#ﬀ%& -	0* 1>O%V 	   (C1 )ﬀ>?ﬀ%& (ﬀ%&F > E
+
 1  

(u, p)
%&CFO%V 	 
1 ﬃ
	ﬀ ﬃY
ﬀ* Xﬀ )Ô , 
- ﬀ%& 
ν < h
(O%V(" ﬀﬃ

ﬀG		  	Y! #

%& ﬃ
‖u− uh‖
2
L∞(0,T ;L2(Ω)) ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))
+ h2rp−1‖p‖2L2(0,T ;Hrp (Ω))
)
,

-
∫ T
0
|||(u− uh, p− ph)|||
2
uh
dt ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))
+ h2rp−1‖p‖2L2(0,T ;Hrp (Ω))
)
,

ﬀO%
ru
def
= min(r, k + 1)

rp
def
= min(s, k + 1)
 -
C(cexp, c1, c2) > 0
 &Cﬀ ﬀ*  
V
&
ﬀ V-A  "
ν

-
h
 
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! #
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‖u− uh‖
2
L∞(0,T ;L∞(Ω)) ≤ Ch
2‖u‖2L∞(0,T ;W 1,∞(Ω))
+ C(cexp, c1, c2)h
−d
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω)) + h
2rp−1‖p‖2L2(0,T ;Hrp(Ω))
)
,

ﬀO%
C > 0
 &Cﬀ ﬀ*  
V
& ﬀ V-A$ "
ν

-
h
    & 	! 1 ﬃ
	 $O%V	 F%V
ﬃC
uh ∈
L∞(0, T ; L∞(Ω))
 
! 	 < " ^l±h?h?j03z|wnj"gunzg?~33{¯¹vzh-wz{\ )I~ ,¾gﬃzt®\jiuxj¿zgj0Yg}|zwsg )ÓY ,²

     ! ! !

	!   ﬁ  
l±we3j§©{\}}|{-¥z|3g¾
i > 0
§©{~
i = 1, 2, . . .
¾aji3j0unjiYwuD§©nj0jR{\unz³wz®\j+{\guwYwwn{yaj+«3¹vj0}-wnj0
{\&² 6j3ji3{~wnj*wnegjvz|ujwj"g3{j0wnz|{~ﬃjin{\u~u
θh
def
= Πkhu− uh, θ
pi def= u−Πkhu,
yh
def
= Πkhp− ph, y
pi = p−Πkhp,
)Ó>; ,
¥egz|eﬃ~z|®~jNu
θh = u− uh − θ
pi, yh = p− ph − y
pi.
)ÓA[ ,
­{wnj*weg-wN¾aunzaj
u ∈ H1(0, T ; L2(Ω))
¾a¥2j"h¯svjNvgij*wnegw
θh ∈ H
1(0, T ; L2(Ω))
²2ºµuxz|3
i{tjiz|®Yzws*)  9jih?h¶v² 1,¥jµwe3ji\jw
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂tθh, θh) + (A + J)
[
uh; (θh, yh), (θh, yh)
]
.
4jigij~¾v§©{~h )©>; ,»° )©A[ ,5gwnegj*wnz³°»}z|3jNz³ws{~§
A
a
J
¾g¥j*eg¯®~j
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂t(u− uh), θh)− (∂tθ
pi, θh)
+ (A + J)
[
uh; (Π
k
hu, Π
k
hp)(θh, yh)
]
− (A + J)
[
uh; (uh, ph), (θh, yh)
]
.
d5etgu0¾ytsKwj0uxwnz|3Pwne3jªg3n{¯¹vz|h-wnjQD*}|ji¦Yz| {\xwe3{~\{~g~}zws )  &j0h?h? 3²87,¥zwne
(vh, qh) =
(θh, yh)
~gﬃuxz|gjunz|gj
(∂tθ
pi, θh) = 0
¾v¥2j"{\yvw~z
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤ (A + J)
[
uh; (Π
k
hu, Π
k
hp)(θh, yh)
]
−A
[
u; (u, p), (θh, yh)
]
.
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 z³wz3?{\vw}|}[wne3j*wjihu5{§
A
g
J
¾g~u5\z®\jiﬃz ) 7N1,¾g¥2j*~jiw
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤ −ah(θ
pi, θh)− bh(y
pi, θh) + bh(yh, θ
pi)
+ γj(Πkhu, θh) + j(Π
k
hp, yh) + ch(uh; Π
k
hu, θh)− c(u;u, θh)
+ juh(Π
k
hu, θh).
­{-¥ ¥j*h?¯sguxj¿we3j{\\wzt3zws¶{~§ﬀwe3j+qYwn{\¦~jNuunsvuwjih )  &j0h?h??g²ﬃ7,2w{{~yvwz|&¾
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤ C1
(
||](θpi, ypi)[||+ J
1
2
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
])
|||(θh, yh)|||0
+ (uh · ∇Π
k
hu, θh) +
1
2
(∇ · uhΠ
k
hu, θh)
−
1
2
〈uh · nΠ
k
hu, θh〉∂Ω − (u · ∇u, θh)
+
∑
K∈Th
∫
∂K
h2K |I
1
huh|
2J∇ΠkhuK : J∇θhK ds.
ºµuxz|3*)ÓA[ ,¾vwnegz|u5}|j0\3uwn{
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤
C1
(
||](θpi, ypi)[|| + J
1
2
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
])
|||(θh, yh)|||0
− (uh · ∇θ
pi, θh)−
1
2
(∇ · uhθ
pi, θh)
+
1
2
〈uh · nθ
pi, θh〉∂Ω + ((uh − u) · ∇u, θh)
+
1
2
(∇ · uhu, θh) +
∑
K∈Th
∫
∂K
h2K |I
1
huh · n|
2J∇ΠkhuK : J∇θhK ds,
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bcô
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¥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e3j{\Y®\j0wnz|®~jwjih¾3~z|®~jNu
1
2
d
dt
‖θh‖
2
0,2 + CA|||(θh, yh)|||
2
uh
≤
C11
2
|||(θh, yh)|||
2
0
+
C1
21
(
||](θpi, ypi)[||
2
+ J
[
0, (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
])
+ (θpi,uh · ∇θh)︸ ︷︷ ︸
T1
+
1
2
(∇ · uhθ
pi, θh)︸ ︷︷ ︸
T2
−
1
2
〈uh · nθ
pi, θh〉∂Ω︸ ︷︷ ︸
T3
+ ((uh − u) · ∇u, θh)︸ ︷︷ ︸
T4
+
1
2
(∇ · uhu, θh)︸ ︷︷ ︸
T5
+
∑
K∈Th
∫
∂K
h2K |I
1
huh · n|
2J∇ΠkhuK : J∇θhK ds︸ ︷︷ ︸
T6
.
)ÓAJ ,
l±wne3j"gj¹twg\~3egu^¥j*g~}st¬ijµwnegj*wnjihu
Ti
¾
i = 1, 2, . . . , 6
²#ºµuxz|3Dwnegj¿{\xwe3{~\{~g~}zws
{~§9we3j
L2
°I3{jNwz{\&¾v33{¯¹vzhwnz|{~~g  &jih?hDg²äv¾v¥j*eg¯®~j
T1 = (θ
pi, (uh − I
1
huh) · ∇θh)︸ ︷︷ ︸
T1,1
+ (θpi, I1huh · ∇θh − pi
∗
h(I
1
huh · ∇θh))︸ ︷︷ ︸
T2,2
.
l±¸wne3j«guw¿wnj0nh¾[¥2jgunjwnegj}|{vi}	z|\wjia{\}|wnz|{~¸gn{\aj0xwsﬃ{§^we3j
P1
°»zYwnj0nR{~}Ywµ§©{~}|}{-¥j0yts
~z|t®~j0unjµz|3jN\a}|z³wsune3{-¥z|3wnegw
‖uh − I
1
huh‖0,K ≤ C2h
2
K |uh|2,K
≤ C3‖uh − I
1
hu‖0,K .
ºµuxz|3Dwnegz|uz|3jN\a}|z³ws\¾t§©{~5wnegj*«guxw5wnj0nh {§
T1,1
¥2j*eg¯®\j
T1,1 ≤ C4
∑
K∈Th
‖uh − I
1
huh‖0,K‖[∇θh]
Tθpi‖0,K
≤ C5
∑
K∈Th
‖uh − I
1
hu‖0,K‖[∇θh]
Tθpi‖0,K .
 j"3{-¥pguxj¿we3jvj0i{~h?R{\unz³wz{\)ÓA[1,¾vwn{{\yvw~z
T1,1 ≤ C5
∑
K∈Th
(
‖θh‖0,K + ‖Π
k
hu− I
1
hu‖0,K
)
‖[∇θh]
Tθpi‖0,K .
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zjNu ) 7N1,5gwnegj
L∞
°±uwy3z|}zws¶{~§
Πkh
)Ô~ ,¾3{\3j*~jiwu
T1,1 ≤ C6h
−1
∑
K∈Th
‖θpi‖0,∞,K‖θh‖
2
0,K
+ C7
∑
K∈Th
‖Πkhu− I
1
hu‖0,∞,K‖∇θh‖0,K‖θ
pi‖0,K
≤ C8h
−1‖θpi‖0,∞,Ω‖θh‖
2
0,Ω
+ C9h
− 12 ‖Πkhu− I
1
hu‖0,∞,Ω
∑
K∈Th
‖θh‖0,K‖h
− 12 θpi‖0,K
≤ C10h
−1‖θpi‖0,∞,Ω‖θh‖
2
0,Ω
+ C11h
− 12 ‖u− I1hu‖0,∞,Ω
(
‖θh‖
2
0,Ω + ‖h
− 12 θpi‖20,Ω
)
,
¥egz|e&¾vz|À{\h+y3z|g-wz{\¥zwne )I1,5~g~33{¯¹vzh-wz{\&¾t}jN~3uw{
T1,1 ≤ C12‖∇u‖0,∞,Ω
(
‖θh‖
2
0,Ω + h
1
2 ‖h−
1
2 θpi‖20,Ω
)
≤ C13‖∇u‖0,∞,Ω
(
‖θh‖
2
0,Ω + h
1
2 ||](θpi, 0)[||2
)
.
@	z|g}|}|s~¾vgunzgHPgetsY°±q3eY¥5¬~g )Óg²ä ,i¾v¥2j"{\yvw~z
T1,2 ≤ ‖h
− 12 θpi‖0,Ω‖h
1
2
(
I1huh · ∇θh − pi
∗
h(I
1
huh · ∇θh)
)
‖0,Ω
≤
1
22
‖h−
1
2 θpi‖20,Ω +
2γ1
2
juh(θh, θh),
≤
1
22
||](θpi, 0)[||
2
+
2γ1
2
|||(θh, 0)|||
2
0
.
@g{~*wnegj?unj0i{~g¨wnj0nh¾&¥j?gunjD~33{¯¹tz|h-wz{\6aÀwnea-w"wnegj?3z®\ji~jiajDz|u*z|g}|gvjN¨z| wne3j
wnz|3}|j*3{~h¾
T2 =
1
2
(θpi, (∇ · θh +∇ · θ
pi)θh))
≤
∑
K∈Th
h
− 12
K ‖θ
pi‖0,∞,K
(
‖h
1
2
K∇ · θh‖0,K + ‖h
1
2
K∇ · θ
pi‖0,K
)
‖θh‖0,K
≤ C143h
1
2 ‖∇u‖0,∞,Ω
(
‖h
1
2∇ · θh‖
2
0,Ω + ‖h
1
2∇ · θpi‖20,Ω
)
+
C14
3
h
1
2 ‖∇u‖0,∞,Ω‖θh‖
2
0,Ω
≤ C153‖∇u‖0,∞,Ω
(
|||(θh, 0)|||
2
0
+ h
1
2 ||](θpi, 0)[||
2
)
+
C15
3
h
1
2 ‖∇u‖0,∞,Ω‖θh‖
2
0,Ω.
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e3j*§Ó~wwnegw
0 < h ≤ 1
²
@g{~5wnegj*wne3z|wjihﬃ¾vauxz|3 )ÓA[1,¾3¥2j*eg¯®\j
T3 =
1
2
〈(uh − u) · nθ
pi, θh〉∂Ω
= −
1
2
〈θpi · nθpi , θh〉∂Ω −
1
2
〈θh · nθ
pi, θh〉∂Ω
≤
1
2
‖θpi‖0,∞,Ω‖θh‖0,∂Ω (‖θ
pi · n‖0,∂Ω + ‖θh · n‖0,∂Ω) .
d5egjij§©{~j~¾tgunz|333{¯¹vzhwnz|{~~g)Ô~ ,¾3¥j"{\g}|gvj¿wnea-w
T3 ≤ C16h
1
2 ‖∇u‖0,∞,Ω‖θh‖0,Ω (||](θ
pi, 0)[||+ |||(θh, 0)|||0)
≤ C17
h
4
‖∇u‖20,∞,Ω‖θh‖
2
0,Ω + 4C17
(
||](θpi , 0)[||
2
+ |||(θh, 0)|||
2
0
)
.
ºµuxz|3¶Yz| )ÓA[1,5~g33{¯¹vzhwnz|{~&¾\§©{~5we3j*§©{~3nwneﬃwjih¥2j*{\yvw~z
T4 = −((θ
pi + θh) · ∇u, θh)
≤ ‖∇u‖0,∞,Ω (‖θ
pi‖0,Ω + ‖θh‖0,Ω) ‖θh‖0,Ω
≤
1
2
‖∇u‖0,∞,Ω
(
h
1
2 ‖h−
1
2 θpi‖20,Ω + 3‖θh‖
2
0,Ω
)
≤
1
2
‖∇u‖0,∞,Ω
(
h
1
2 ||](θpi, 0)[||
2
+ 3‖θh‖
2
0,Ω
)
.
ks¶wj0uxwnz|3*)J ,¥z³we
vh = 0
~g
qh = Π
k
h(u · θh)
¾3zw§©{~}|}{-¥u2weg-w
(∇ · uh, Π
k
h(u · θh))− 〈uh · n, Π
k
h(u · θh)〉∂Ω
+ j(ph, Π
k
h(u · θh)) = 0.
d5etgu0¾v3}|3~\zgwe3zuj¹v3j0uuxz|{~zYw{
T5
¾v{~3j"\jwu
T5 =
1
2
(∇ · uh,u · θh)
=
1
2
(∇ · uh, (u · θh −Π
k
h(u · θh))) +
1
2
〈uh · n, Π
k
h(u · θh)〉∂Ω
−
1
2
j(ph, Π
k
h(u · θh)),
ê&êìë
 
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¥egz|e&¾t§©{~h )©[1,5gwnegj*§Ó~wweg-w
u = 0
{~
∂Ω
¾v}jN~3uw{
T5 = −
1
2
(∇ · θpi,u · θh −Π
k
h(u · θh))︸ ︷︷ ︸
T5,1
−
1
2
(∇ · θh,u · θh −Π
k
h(u · θh))︸ ︷︷ ︸
T5,2
−
1
2
〈(θpi + θh) · n, Π
k
h(u · θh)− u · θh〉∂Ω︸ ︷︷ ︸
T5,3
−
1
2
j(ph, Π
k
h(u · θh))︸ ︷︷ ︸
T5,4
.
Ł2~e{~§&wnegj0unjwjih?u5~njwnj0-wj0uxj0g-wji}|s~²ﬀºµuxz|3?3gn{¯¹vz|h?wnz|{~~gHP2{\n{\}}sa²ﬃ7µ¥2j¿eg¯®\j
T5,1 ≤
1
2
‖h
1
2∇ · θpi‖20,Ω +
1
2
‖h−
1
2 (u · θh −Π
k
h(u · θh))‖
2
0,Ω
≤ C18
(
||](θpi , 0)[||2 + h‖u‖21,∞,Ω‖θh‖
2
0,Ω
)
.
ºµuxz|3Yz|?P2{\n{\}}s?g²87~¾vzw§©{~}|}{-¥uweg-w
T5,2 ≤
1
2
‖h
1
2∇ · θh‖0,Ω‖h
− 12 (u · θh −Π
k
h(u · θh))‖0,Ω
≤ C195|||(θh, 0)|||
2
0
+
C19h
5
‖u‖21,∞,Ω‖θh‖
2
0,Ω.
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T5,3 ≤
1
2
(‖θpi · n‖0,∂Ω + ‖θh · n‖0,∂Ω) ‖Π
k
h(u · θh)− u · θh‖0,∂Ω
≤
1
2
(|||(θpi, 0)|||
0
+ |||(θh, 0)|||0)( ∑
K∈Th
‖Πkh(u · θh)− u · θh‖
2
0,∂K∩∂Ω
) 1
2
≤ C20 (||](θ
pi, 0)[||+ |||(θh, 0)|||0)[ ∑
K∈Th
‖Πkh(u · θh)−Π
k
hu · θh‖
2
0,∂K∩∂Ω
+
∑
K∈Th
‖(Πkhu− u) · θh‖
2
0,∂K∩∂Ω
] 1
2
.
d5etgu0¾vgunzgwe3j*wn~ij*z3jNYg}|z³ws)Ô\ ,¾v¥j"eg¯®\j
T5,3 ≤ C21 (||](θ
pi, 0)[||+ |||(θh, 0)|||0)[ ∑
K∈Th
h−1K ‖Π
k
h(u · θh)−Π
k
hu · θh‖
2
0,K
+
∑
K∈Th
‖(Πkhu− u)‖
2
0,∞,Kh
−1
K ‖θh‖
2
0,K
] 1
2
≤ C22h
− 12 (||](θpi, 0)[||+ |||(θh, 0)|||0)(
‖Πkh(u · θh)−Π
k
hu · θh‖0,Ω + ‖(Π
k
hu− u)‖0,∞,Ω‖θh‖0,Ω
)
.
­{-¥"¾vgunz3 P2{\n{\}}s?g²87*~g)Ô~ ,¾3¥j"{\g}|gvj¿wnea-w
T5,3 ≤ C23 (||](θ
pi , 0)[||+ |||(θh, 0)|||0) h
1
2 ‖u‖1,∞,Ω‖θh‖0,Ω
≤ C246
(
||](θpi, 0)[||
2
+ |||(θh, 0)|||
2
0
)
+
C24h
6
‖u‖21,∞,Ω‖θh‖
2
0,Ω.
ê&êìë
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T5,4
¥j¿«guweg¯®\j~¾
T5,4 =
∑
K∈Th
∫
∂K
h2KJ∇phK : J∇Π
k
h(u · θh)K ds
≤ C25j(ph, ph)
1
2
[ ∑
K∈Th
∫
∂K
h2KJ∇(Π
k
h(u · θh)−Π
k
hu · θh)K
2 ds
+
∑
K∈Th
∫
∂K
h2KJ∇(Π
k
hu · θh)K
2 ds
] 1
2
≤ C26j(ph, ph)
1
2
[ ∑
K∈Th
h2K‖∇(Π
k
h(u · θh)−Π
k
hu · θh)‖
2
0,∂K
+
∑
K∈Th
∫
∂K
h2K(|θh|
2J∇(Πkhu)K
2 + |Πkhu|
2J∇θhK
2) ds
] 1
2
.
d5etgu0¾&yts¨i{~h+ygz3z|3ﬃwnegjw\j?z|3j0Yg~}zws )I~ ,¿¥zwneª z|Y®\jiuxjDj0uxwnz|h-wj) 701,¾\P2{\n{\}}sg²87
~gwne3juxw~y3z}|zws¶j0uxwnz|h-wnj*§©{\5wne3j
L2
°»3{j0wnz|{~)Ô ,»° )Ô 7 ,¾3¥j*~jw
T5,4 ≤ C27j(ph, ph)
1
2
[ ∑
K∈Th
h−1K ‖Π
k
h(u · θh)−Π
k
hu · θh‖
2
0,K
+
∑
K∈Th
‖∇Πkhu‖
2
0,∞,ΩhK‖θh‖
2
0,K + ‖Π
k
hu‖
2
0,∞,Ωj(θh, θh)
] 1
2
≤ C287(j(Π
k
hp, Π
k
hp) + j(yh, yh)) +
C28
7
h‖u‖21,∞,Ω‖θh‖
2
0,Ω
+
C2pi
27
‖u‖20,∞,Ωj(θh, θh)
≤ C287
(
j(Πkhp, Π
k
hp) + |||(0, yh)|||0
)
+
C28
7
h‖u‖21,∞,Ω‖θh‖
2
0,Ω
+
C2pi
27
‖u‖20,∞,Ωj(θh, θh).
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@	z|g}|}s\¾v§©{~5we3j"}~uxwwjih.z|)ÓAJ ,¾3gunz|3*)©[1,¾v¥j"eg¯®\j
T6 =
∑
K∈Th
∫
∂K
h2K |I
1
huh · n|
2J∇ΠkhuK : J∇θhK ds
≤
1
28
∑
K∈Th
∫
∂K
h2K |I
1
huh|
2J∇ΠkhuK
2 ds
+
8
2
∑
K∈Th
∫
∂K
h2K |I
1
huh · n|
2J∇θhK
2 ds
≤
C29
28
[ ∑
K∈Th
∫
∂K
h2K |I
1
huh − uh|
2J∇ΠkhuK
2 ds
︸ ︷︷ ︸
T6,1
+
∑
K∈Th
∫
∂K
h2K
(
|θh|
2 + |Πkhu|
2
)
J∇ΠkhuK
2 ds
︸ ︷︷ ︸
T6,2
]
+
8
2
∑
K∈Th
∫
∂K
h2K |I
1
huh · n|
2J∇θhK
2 ds.
)I ,
l±{\vj0wn{?j0uxwnz|h-wnj
T6,1
¾3¥j*guxj~33{¯¹vzh-wz{\a~ﬃz|t®~j0unjµz|3jN\a}|z³wsw{?{~yvwz|
‖I1huh − uh‖
2
0,∂K ≤ C30|u|
2
2,∂K
= C30|I
1
hΠ
k
hu− uh|
2
2,∂K
≤ C31‖I
1
hΠ
k
hu− uh‖
2
0,∂K .
ê&êìë
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j~¾3{\h+y3z|3jN¥zwne )ÔV7,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e3j¿wn~ijµz|3j0Yg~}zws )I~ ,i¾33gn{¯¹vz|h?wnz|{~¶~g~z|t®~jiunj
z|3jN\a}|z³ws) 70 ,¾v}|j0\3uwn{
∫
∂K
h2K |I
1
huh − uh|
2J∇ΠkhuK
2 ds
≤ ‖J∇ΠkhuK‖
2
0,∞,K
∫
∂K
h2K |I
1
huh − uh|
2 ds
≤ C32‖J∇Π
k
huK‖
2
0,∞,K
∫
∂K
h2K |I
1
hΠ
k
hu− uh|
2 ds
≤ C33‖J∇Π
k
huK‖
2
0,∞,K
∫
∂K
h2K
(
|I1hΠ
k
hu−Π
k
hu|
2 + |θh|
2
)
ds
≤ C34hK‖J∇Π
k
huK‖
2
0,∞,K
(
‖I1hΠ
k
hu−Π
k
hu‖
2
0,K + ‖θh‖
2
0,K
)
≤ C35hK‖J∇Π
k
huK‖
2
0,∞,K
(
hdK‖I
1
hΠ
k
hu−Π
k
hu‖
2
0,∞,K + ‖θh‖
2
0,K
)
≤ C36hK‖J∇Π
k
huK‖
2
0,∞,K
(
hd+2‖Πkhu‖
2
1,∞,Ω + ‖θh‖
2
0,K
)
≤ C37h
2−d
K ‖J∇Π
k
huK‖
2
0,∂Kh
d+2‖u‖21,∞,Ω + hKC37‖∇u‖
2
1,∞,Ω‖θh‖
2
0,K .
d5egjij§©{~j~¾
T6,1 ≤ C38‖u‖
2
1,∞,Ω
(
h2j(Πkhu, Π
k
hu) + h‖θh‖
2
0,Ω
)
.
ºµuxz|3Dwnegj*wn~j*z|3j0Yg~}zws )I~ ,5~gwne3juxw~y3z|}zws¶{§ﬀwne3j
L2
°»3{j0wnz|{~)Ô 7 ,¾v¥j"{~yvwz|
T6,2 ≤ h‖u‖
2
1,∞,Ω‖θh‖
2
0,Ω + ‖u‖
2
0,∞,Ωj(Π
k
hu, Π
k
hu).
@	z|g}|}|s~¾vyts3}|3\~z|3+we3j0unj"}~uxww¥{?j0uxwnz|h-wnjNu5zYw{)I ,¾3¥j*{~yvwz|
T6 ≤
C39
8
[
h‖u‖21,∞,Ω‖θh‖
2
0,Ω + (‖u‖
2
0,∞,Ω + h
2‖u‖21,∞,Ω)j(Π
k
hu, Π
k
hu)
]
+
8
2
|||(θh, 0)|||
2
uh
.
k5~unj0{~ )©J ,5~g¶we3j"3ji®tz|{~guj0uxwnz|h-wj0u0¾3¥2j"e3{Yuxj
i
¾
i = 1, . . . , 8
¾3uxgewnea-w
1C1
2
=
2γ1
2
= 3C15‖∇u‖0,∞,Ω = 4C17 = e5C19 = C24 =
CA
16
,
7C28 =
8
2
=
CA
16
,
~g
γ
uxgeÀ\u
γ >
C2pi
27
‖u‖20,∞,Ω,
§©{\zauwgij
γ
def
=
8C2pi
CA
‖u‖20,∞,Ω + 1.
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d5egji&¾v§©{~h )©AJ ,guxz|3Dwnegj"3nj0®tz{\gu5j0uxwnz|h-wnjNui¾v¥j*~jiw
1
2
d
dt
‖θh‖
2
0,2 +
CA
2
|||(θh, yh)|||
2
uh
≤ C40
(
h‖u‖21,∞,Ω + ‖u‖1,∞,Ω
)
‖θh‖
2
0,Ω
+ C40||](θ
pi, 0)[||2
(
1 + h
1
2 ‖∇u‖0,∞,Ω
)
+ C40(1 + ‖u‖
2
0,∞,Ω + h
2‖u‖21,∞,Ω)J
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
]
,
)I 7 ,
g² j\²#z
(0, T )
²#d5egjij§©{~j~¾tgunz|3FD¿n{\Y¥5}|} u}|jih?h?¥2j*{~y3wz|
‖θh‖
2
L∞(0,T ;L2(Ω)) +
∫ T
0
|||(θh, yh)|||
2
uh
dt ≤ ‖θh(0)‖
2
0,Ω
+ Cexp
[
c1
∫ T
0
||](θpi, 0)[||
2
dt + c2
∫ T
0
J
[
0; (Πkhu, Π
k
hp), (Π
k
hu, Π
k
hp)
]
dt
]
,
¥zwne
Cexp
def
= e
C40T
“
h‖u‖2
L∞(0,T ;W1,∞(Ω))
+‖u‖
L∞(0,T ;W1,∞(Ω))
”
,
c1
def
= C40
(
1 + h
1
2 ‖u‖L∞(0,T ;W 1,∞(Ω))
)
,
c2
def
= C40
(
1 + ‖u‖2L∞(0,T ;L∞(Ω)) + h
2‖u‖2L∞(0,T ;W 1,∞(Ω))
)
,
¥egz|eﬃ~z|®~jNu )©Y1,²T@	za}|}s\¾3j0uxwnz|h-wnj )Ó\1,zu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z|3jNgunz|3*)ÔV7 ,5az|Ywnji\wnz|{~{-®~ji
(0, T )
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e3j
L2
°»3{\nh
~g;¾Y§©{~ji~g}|~U3j0uuxgnjNui¾Yzwne3j
H1
°I3{\nh²#d5e3j¿33Rji5ya{\3g3u5i{~gunz|uxw2{~§9{~gjg~xwguxz|3wne3j
gnj0®Yz|{~au+{\t®~ji~j0gj?{~§wne3j®~ji}|{vzwnz|j0u0¾^gª6uxjN{\g½gnwDi{~gunzuwz3¨{§vz´Rj0nj0Yw3{\nhu{~§
we3j+~33{¯¹tz|h-w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{~z|wnegjwnz|h?jvj0nz|®--wz®\j"{§#wne3j®~j0}{vzwnz|j0u0² 6j¥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(u, p)
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(uh, ph) ∈ W
k
h
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ﬀﬀ%
u0,h =
P kh u0
     01 FO%V

(u, p)
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∫ T
0
‖p− ph‖
2
0,Ω dt ≤ C
[
h2(ru−1)‖u‖2L2(0,T ;Hru (Ω))
+ h2(rp−1)‖p‖2L2(0,T ;Hrp (Ω))
+ ‖∂t(u− uh)‖
2
L2(0,T ;V ′(Ω))
]
.

ﬀO%
V ′
   ﬀ(" 	$ﬀ%&$ 1&
  "
H1(Ω)
  
C > 0
  V  ﬀ-A&-&  "
ν
  
h
 
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9»¾twne3j0nj"ji¹tzuxwu
vp ∈ [H
1
0 (Ω)]
d
ungeweg-w
∇ · vp = p− ph, ‖vp‖1,Ω ≤ C‖p− ph‖0,Ω.
)I~1,
l±g~xwz|i3}N¾Y¥j*eg¯®~j
‖p− ph‖
2
0,Ω = (p− ph,∇ · vp)
= (p− ph,∇ · (vp −Π
k
hvp)) + (p− ph,∇ · (Π
k
hvp)).
 §ìwnj0zYwji~-wz{\yts¶g~xwuggunzg ) 7N1,¾3¥j*{~yvwz|
‖p− ph‖
2
0,Ω = −(∇(p− ph),vp − Π
k
hvp)− 〈p− ph, (Π
k
hvp) · n〉∂Ω
+ (p− ph,∇ · (Π
k
hvp))
= −(∇(p− ph),vp − Π
k
hvp)− bh(p− ph, Π
k
hvp).
d5egjij§©{~j~¾*gunz|3 wne3j ~33{¯¹vzh-wjZD*~}j0n¦tz|p{\xwe3{~\{~g~}zws )  9jih?hK3²87,¥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(vh, qh) =
(Πkhvp, 0)
¾3¥2j*\jw
‖p− ph‖
2
0,Ω = − (∇(p− ph),vp −Π
k
hvp)︸ ︷︷ ︸
T1
+ ah(u− uh, Π
k
hvp)− γj(uh, Π
k
hvp)︸ ︷︷ ︸
T2
+ ch(u;u, Π
k
hvp)− ch(uh;uh, Π
k
hvp)︸ ︷︷ ︸
T3
− juh(uh, Π
k
hvp)︸ ︷︷ ︸
T4
+ (∂t(u− uh), Π
k
hvp)︸ ︷︷ ︸
T5
.
)I ,
dﬀjihu
T1
g
T2
~nj5wnjN-wnjNDguxz|3*we3j~ghDj0Ywu#~z|®~j0?z65870v¾Y^{t{§[{§&d5e3ji{\nj0h g² 
9»²#d5eYaui¾
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uxw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e3j
L2
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~gﬃuxz|gj
p ∈ Hs(Ω)
¾3¥j¿\jw
T1 =
(
∇p−Πkh(∇p)− (∇ph − pi
∗
h(∇ph)),vp −Π
k
hvp
)
≤
(
‖∇p−Πkh(∇p)‖0,Ω + h
− 12 ‖h
1
2 (∇ph − pi
∗
h(∇ph))‖0,Ω
)
× ‖vp −Π
k
hvp‖0,Ω
≤ C
(
‖∇p−Πkh(∇p)‖0,Ω + h
− 12 j(ph, ph)
1
2
)
h‖vp‖1,Ω
≤ C
(
Chrp‖p‖rp,Ω + h
1
2 |||(u− uh, p− ph)|||uh
)
‖vp‖1,Ω.
@g{~5we3juxjN{\g¶wjih¥j¿ea¯®~j
T2 ≤ C|||(u− uh, 0)|||0|||(Π
k
hvp, 0)|||0
−〈2νε(u− uh)n, Π
k
hvp〉∂Ω − 〈u− uh, 2νε(Π
k
hvp)n〉∂Ω︸ ︷︷ ︸
T2,1
.
d5egj¿yR{~gg3swjih?u~nj"i{~Ywn{~}|}jN¶z|ﬃwne3j*§©{\}}|{-¥zg+§Ó\uxe3z|{~
T2,1 ≤ 2‖(νh)
1
2 ε(u− uh)‖0,∂Ω‖ν
1
2 h−
1
2 Πkhvp‖0,∂Ω
+ 2‖(νh)
1
2 ε(Πkhvp)‖0,∂Ω‖ν
1
2 h−
1
2 (u− uh)‖0,∂Ω
≤ 2‖(νh)
1
2 ε(u− uh)‖0,∂Ω|||(Π
k
hvp, 0)|||0
+ 2‖(νh)
1
2 ε(Πkhvp)‖0,∂Ω|||(u− uh, 0)|||0.
mµwnegj"{wnegjieg~g;¾3¥j*eg¯®~j
‖(νh)
1
2 ε(u− uh)‖0,∂Ω ≤ ‖(νh)
1
2 ε(u−Πkhu)‖0,∂Ω
+ ‖(νh)
1
2 ε(Πkhu− uh)‖0,∂Ω,
¥egjijµwe3j*«guw5wjih u-wnzux«gj0u0¾tguxz|3?we3j¿wn~j*z|3j0Yg~}zws )I- ,¾) 7<J1,5~g¶weg-w
ν < h
¾
‖(νh)
1
2 ε(u−Πkhu)‖0,∂Ω ≤ Cν
1
2 hru−1‖u‖ru,Ω
≤ Chru−
1
2 ‖u‖ru,Ω,
~gwne3junj0i{~g;¾vauxz|3*)Ô\1,¾
‖(νh)
1
2 ε(Πkhu− uh)‖0,∂Ω ≤ C‖ν
1
2 ε(Πkhu− uh)‖0,Ω
≤ C|||(Πkhu− uh, 0)|||0.
l±ﬃwe3j"un~hDj¿§Ó\uxe3z|{~ﬃ¥j{~a}|gvj¿wnegw
‖(νh)
1
2 ε(Πkhvp)‖0,∂Ω ≤ C|||(Π
k
hvp, 0)|||0.
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|||(Πkhvp, 0)|||0 ≤ C‖Π
k
hvp‖1,Ω,
~gwne3j
H1
°»uxw~y3z|}zws¶{§	wnegj
L2
°»3{j0wnz|{~) 7<[ ,¾3¥j*eg¯®~j
T2 ≤ C
(
|||(u− uh, 0)|||0 + h
ru−
1
2 ‖u‖ru,Ω
)
‖vp‖1,Ω.
@g{~5we3j*wne3z|¶wjihﬃ¾g¥2j*eg¯®\j
T3 = (u · ∇(u− uh), Π
k
hvp) + ((u− uh) · ∇uh, Π
k
hvp)
+
1
2
〈uh · nuh, Π
k
hvp〉∂Ω −
1
2
(∇ · uh,uh · Π
k
hvp).
d5etgu0¾vz|\wji\wnz|3ytsgnwu5aﬃunz|gj
∇ · u = 0
~g
u|∂Ω = 0
¾3¥j¿\jw
T3 = −((u− uh) · ∇Π
k
hvp,u)− (uh · ∇Π
k
hvp,u− uh)︸ ︷︷ ︸
T3,1
−
1
2
〈uh · nuh, Π
k
hvp〉∂Ω︸ ︷︷ ︸
T3,2
+
1
2
(∇ · uh,uh ·Π
k
hvp)︸ ︷︷ ︸
T3,3
.
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) 7<[1,¾3{~gj¿\jwu
T3,1 ≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖∇Π
k
hvp‖0,Ω
≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖vp‖1,Ω.
@g{~5we3juxjN{\g;¾vgunzgFP~getsY°±qvet¥5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T3,2 ≤ ‖uh‖0,∞,Ω‖uh · n‖0,∂Ω‖Π
k
hvp − vp‖0,∂Ω
≤ Ch
1
2 ‖uh‖0,∞,Ω|||(u− uh, p− ph)|||uh‖vp‖1,Ω.
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T3,3 ≤ h
− 12 ‖h
1
2∇ · uh‖0,Ω‖uh‖0,∞,Ω‖Π
k
hvp‖0,Ω
≤ Ch−
1
2 ‖uh‖0,∞,Ω|||(u− uh, p− ph)|||uh‖vp‖1,Ω.
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H1
=tuxw~y3z}|zwsK{§+we3j
L2
=
gn{~j0wz{\ ) 7<[ ,~gwne3j"ji\3}|~nzws
u ∈ Hr(Ω)
¾g¥e3zeﬃsYz|ji}3u
T4 ≤ juh(uh,uh)
1
2 juh(Π
k
hvp, Π
k
hvp)
1
2
≤ juh(uh,uh)
1
2
( ∑
K∈Th
∫
∂K
h2K |uh · n|
2J∇ΠkhvpK
2
) 1
2
≤ Cjuh(uh,uh)
1
2 ‖uh‖0,∞,Ω
( ∑
K∈Th
hK‖∇Π
k
hvp‖
2
0,K
) 1
2
≤ Ch
1
2 juh(uh,uh)
1
2 ‖uh‖0,∞,Ω‖vp‖1,Ω,
≤ Ch
1
2 ‖uh‖0,∞,Ω|||(u− uh, p− ph)|||uh‖vp‖1,Ω.
@	z|g}|}|s¶ytsvg~}zws~g¶we3j
H1
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T5 ≤ ‖∂t(u− uh)‖V ′‖vp‖1,Ω.
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‖p− ph‖
2
0,Ω ≤ C
{
h2rp‖p‖2rp,Ω + h
2ru−1‖u‖2ru,Ω
+
[
1 + h + (h + h−1)‖uh‖
2
0,∞,Ω
]
|||(u− uh, p− ph)|||
2
uh
+
(
‖u‖20,∞,Ω + ‖uh‖
2
0,∞,Ω
)
‖u− uh‖
2
0,Ω
}
.
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∫ T
0
‖∇(p− ph)‖
2
0,Ω dt ≤
[(
h2ru−3 + h2(ru−1)
)
‖u‖2L2(0,T ;Hru (Ω))
+
(
h2rp−3 + h2(rp−1)
)
‖p‖2L2(0,T ;Hrp (Ω))
+ ‖∂t(u− uh)‖
2
L2(0,T ;L2(Ω))
]
.
! 	 < " Udﬀ{?j0uxwnz|h-wnj*we3j"ji{~zﬃwnegj"3njNunun3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¥2j"uxw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∫ T
0
‖∇(p− ph)‖
2
0,Ω dt ≤ C
∫ T
0
‖∇p−Πkh(∇p)‖
2
0,Ω dt
+ C
∫ T
0
‖Πkh(∇p)−Π
k
h(∇ph)‖
2
0,Ω dt
+ C
∫ T
0
‖Πkh(∇ph)−∇ph‖
2
0,Ω dt.
ºµuxz|3g3n{¯¹vz|h-wnz|{~9¾ )I
[1,¾vwnegj*§Ó~wweg-w
p ∈ Hs(Ω)
~gRP2{~{~}|}|~nsg²ﬃ7~¾v¥2j"{\yvw~z
∫ T
0
‖∇p−Πkh(∇p)‖
2
0,Ω +
∫ T
0
‖Πkh(∇ph)−∇ph‖
2
0,Ω
≤ Ch2(rp−1)‖p‖2L∞(0,T ;Hrp (Ω)) + Ch
−1
∫ T
0
j(ph, ph) dt
= Ch2(rp−1)‖p‖2L∞(0,T ;Hrp (Ω)) + Ch
−1
∫ T
0
j(p− ph, p− ph) dt
≤ C
[
h2(ru−1)‖u‖2L2(0,T ;Hru (Ω))
+ h2(rp−1)‖p‖2L2(0,T ;Hrp (Ω))
]
.
)I ,
4jigijÀz³wz|uux(.¶izj0\wwn{¼uxwngvsPwnegj¨uxjN{\gPwnjih²p­{wnj¸wnegw0¾yts¼we3j¸{~nwneg{~~{\g}|zwsª{§*wne3j
L2
°»3{j0wnz|{~ﬃgﬃDgnwnz};z|Ywnji\wnz|{~&¾t¥j*eg¯®~j
‖Πkh(∇p)−Π
k
h(∇ph)‖
2
0,Ω = (∇p−∇ph, Π
k
h(∇p)− Π
k
h(∇ph))
= −(p− ph,∇ · (Π
k
h(∇p)−Π
k
h(∇ph)))
+ 〈p− ph, (Π
k
h(∇p)−Π
k
h(∇ph)) · n〉∂Ω
= bh(p− ph,w
k
h,p),
¥zwneﬃwe3j"3{w-wz{\
v
k
h,p
def
= Πkh(∇p−∇ph)
²
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d5e3j0nji§©{~j~¾;gunz|3we3j3gn{¯¹vz|h?wnj#D*}|ji¦Yz|¨{\xwe3{~\{~g~}zws )  &j0h?h?g²ﬃ7,µ¥zwne
(vh, qh) =
(vkh,p, 0)
¾3¥j*~jiw
‖Πkh∇p−Π
k
h∇ph‖
2
0,Ω = ah(u− uh,v
k
h,p)− γj(uh,v
k
h,p)
+ ch(u;u,v
k
h,p)− ch(uh;uh,v
k
h,p)
− juh(uh,v
k
h,p) + (∂t(u− uh),v
k
h,p).
Un{vj0j0vz|3wnj0nhytsÀwjihﬃ¾;z|½¶§Ó\uxe3z|{~ uxz|h?z}¿w{we3j?3ji®tz{\guµ}j0hDh¥z³we
v
k
h,p
z|guxwnjN~¸{~§
Πkhvp
gﬃgunzg?~z|t®~j0unjµz|3jN\a}|z³ws\¾3¥2j*{\yvw~z
‖Πkh(∇p)−Π
k
h(∇ph)‖
2
0,Ω ≤ Ch
−2
{
h2rp‖p‖2rp,Ω
+ h2ru−1‖u‖2ru,Ω + (1 + h‖uh‖
2
0,∞,Ω)|||(u− uh, p− ph)|||
2
uh
+
(
‖u‖20,∞,Ω + ‖uh‖
2
0,∞,Ω
)
‖u− uh‖
2
0,Ω
}
+ C
(
h−1‖uh‖
2
0,∞,Ω|||(u− uh, p− ph)|||
2
uh
+ ‖∂t(u− uh)‖
2
0,Ω
)
.
@	z|g}|}|s~¾¥2j¸i{~gi}g3jwe3jÀ3{t{§¿§ìwnj0¶zYwji~-wz{\ {-®\ji
(0, T )
¾5g3}ziwnz|{~ {§¿wne3jÀj0un3}wu?{~§
P2{\n{\}}z|j0u3²87¿~g3²ä~g)Ô ,²

dﬀ{+}|{\unjwe3j3{~yg}j0h {§9i{~t®~j0n\jigij2{~§;wne3jµ3j0uux3j3gn{¯¹vz|h?wnz|{~gu^¥2jgjij0~j0uxwnz|h-wnj
{~§9we3j"jin{\5zﬃwnegj*wnz|hDj3jiz®--wz®\jµ{~§ﬀwe3j"ji{~N²	d5e3zu5zu5wne3jun3yvjNw{§	wnegj"3j¹twg\~3e&²
    "    ﬁ     ! 
∂t(u− uh)
d5egjµ§©{\}}|{-¥z|3Dwne3j0{~jih.uxwwnj0uwe3j"hz|j0un3}w{§ﬀwne3zug~~~3e&²
 

ÂtÆ
¡
Â

ﬁ 
(u, p)
O%VE ﬁ1 ! 6 " ) 7 , 
(uh, ph) ∈ W
k
h
ﬀ%&E
ﬁ1 ! Y " )J ,

ﬀO%
u0,h =
P kh u0
  1 Hﬀ%& 
(u, p)
%VCHﬀ%&Y	 
1 ﬃ
	ﬀ ﬃ )I ,+ )Ó1,?
-Sﬀ%& 
ν < h
   %V O%V " ﬀ8

ﬀ
    %V 8C ∫ T
0
‖∂t(u− uh)‖
2 dt ≤ C
(
h2α−3 + h2α−1
)
,
)IA; ,

ﬀO%
α
def
= min{ru, rp}
  
C > 0 
ﬀO%?   -ﬁ  ﬀ A&- # "
ν
  
h
 
! 	 < "  6j«guwvjN{~h?R{\unjwe3jjin{\
(u − uh, p − ph)
z| w¥{¨anwu0¾^gunz36wnegjﬃgn{~j0wz{\
{\aj0wn{\
Sh
def
= (P kh , R
k
h)
vj«a3j0ﬃyts )Ô ,
u− uh = u− P
k
h u︸ ︷︷ ︸
θpi
+ P kh u− uh︸ ︷︷ ︸
θh
= θpi + θh,
p− ph = p−R
k
hu︸ ︷︷ ︸
ypi
+ Rkhu− ph︸ ︷︷ ︸
yh
= ypi + yh.
)I
[ ,
ê&êìë
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d5etgu0¾vgunzgwnzg~}|j¿z|3jN\a}|z³ws~g§©n{\h P2{~{~}|}|~nsa² v¾v¥2j"{\3}s3jijN¶w{j0uxwnz|h?wnj
∫ T
0
‖∂tθh‖
2
0,Ω dt.
dﬀ{5wne3zu9~zh¾N¥2j#«auxw;wnjNuw&we3j`h?{vvz³«aj0 D*}|ji¦tz*{\xwe3{~\{~g~}zws )  &j0h?h?3²87,[¥zwne
(vh, qh) =
(∂tθh, 0)
¾twn{{\yvw~z
(∂t(u− uh), ∂tθh) + ah(u− uh, ∂tθh) + bh(p− ph, ∂tθh)
+ ch(u;u, ∂tθh)− ch(uh;uh, ∂tθh)
+ γj(u− uh, ∂tθh) + juh(u− uh, ∂tθh) = 0.
d5etgu0¾vgunzg*)Ô
[ ,¾3¥j*~jiw
‖∂tθh‖
2
0,Ω + ah(θh, ∂tθh) + bh(yh, ∂tθh) + γj(θh, ∂tθh)
= −(∂tθ
pi, ∂tθh)− ah(θ
pi , ∂tθh)− bh(y
pi, ∂tθh) + γj(P
k
h u, ∂tθh)
+ ch(uh;uh, ∂tθh)− ch(u;u, ∂tθh) + juh(uh, ∂tθh).
)I
J ,
ºµuxz|3Dwnegjvj«ggz³wz{\ﬃ{~§
ah
¾v§©n{\h ) 7¯1,¾3{~3j*j0\vz}|s{~y3wz|guweg-w
ah(θh, ∂tθh) + γj(θh, ∂tθh) =
1
2
∂t
[
ah(θh, θh) + γj(θh, θh)
]
.
)Ô~ ,
 jD3{-¥ wnjNuw+)J ,¥zwne
vh = 0
¾&~g¨vj0nz|®~j+wne3jDjihz|3z|3jN\a-wnz|{~¨¥z³we6j0unajNwµwn{
t
¾;¥e3z|e
stz|ji}3u
0 = ∂t(bh(qh,uh)− j(ph, qh))
= bh(qh, ∂tuh)− j(∂tph, qh) + bh(∂tqh,uh)− j(ph, ∂tqh)
= bh(qh, ∂tuh)− j(∂tph, qh).
d5egj¿}~uxwz|3j0Yg~}zws¶zu5{~yvwz|3j0yts3{~wnzz|3Dwnegw
∂tqh ∈ V
k
h
gwne3j0nji§©{~j
bh(∂tqh,uh)− j(ph, ∂tqh) = 0.
 j*wnegjieg¯®~j
bh(qh, ∂tuh)− j(∂tph, qh) = 0,
)Ó&7 ,
§©{\}|}
qh ∈ V
k
h
²2mµwe3j"{we3jieag;¾vauxz|3Dwne3juh?j"~ghDj0Yw0¾t§©{~h )Ô ,¥j*{~yvwz|
bh(qh, ∂tP
k
h u) = j(∂tR
k
hu, qh),
)Ô\1,
§©{\}|}
qh ∈ V
k
h
²^d5eYaui¾3ytsw¦tz|3
qh = yh
z| )ÔV7,5~g)Ó\ ,¾3¥j*~jiw
bh(yh, ∂tθh) = j(∂tyh, yh)
=
1
2
∂tj(yh, yh).
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d5e3j0nji§©{~j~¾vyts¶3}|3\~z|3*)Ó\1,5g)Ó\ ,z|Ywn{ )ÔJ1,¾3¥j*eg¯®~j
‖∂tθh‖
2
0,Ω +
1
2
∂t
[
ah(θh, θh) + j(yh, yh) + γj(θh, θh)
]
= −(∂tθ
pi, ∂tθh)− ah(θ
pi, ∂tθh)− bh(y
pi, ∂tθh) + γj(P
k
h u, ∂tθh)︸ ︷︷ ︸
T1
+ ch(uh;uh, ∂tθh)− ch(u;u, ∂tθh)︸ ︷︷ ︸
T2
+ juh(uh, ∂tθh)︸ ︷︷ ︸
T3
.
)Ô ,
­{-¥ ¥jµjNuwzhwnj*wnegjµwjihu
Ti
§©{\
i = 1, . . . , 3
²#l±we3j*§©{~}|}{-¥z|3a¾
 > 0
uwggu§©{~?{\guwYw
w{?yaj*«3¹vjN}-wji{\&² @3{~5we3j*«guw5wjihﬃ¾g¥2j*gunj+)Ó~ ,2wn{?{~y3wz|&¾
T1 = −(∂tθ
pi, ∂tθh) + (θ
pi , ∂tθh)− bh(p, ∂tθh)
≤
1
2
(‖∂tθ
pi‖20,Ω + ‖θ
pi‖20,Ω) +

2
‖∂tθh‖
2 − bh(p, ∂tθh).
)Ô\1,
d5egjuxjN{~a+wjih zu#wnjN-wnjN?~u`z|*)Ô ,¾Y¥z³we
∂tθh
z?we3j3}~ij{§
Πkhvp
²`d5e3j0nji§©{~j~¾~§ìwnj0^gunz3
~z|t®~j0unjµz|3jN\a}|z³ws\¾v¥2j*~jiw
T2 ≤ Ch
−1‖u− uh‖0,Ω (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖∇∂tθh‖0,Ω
+ Ch−
1
2 ‖uh‖0,∞,Ω|||(u− uh, p− ph)|||uh‖∂tθh‖0,Ω.
@	z|g}|}|s~¾vgunzgHPgetsY°±q3eY¥5¬~g~z|t®~j0unjµz|3jN\a}|z³ws
T3 ≤ juh(uh,uh)
1
2 juh(∂tθh, ∂tθh)
1
2
≤ C|||(u− uh, p− ph)|||uh‖uh‖0,∞,Ωh
− 12 ‖∂tθh‖0,Ω
≤ C‖uh‖
2
0,∞,Ω
h−1
2
|||(u− uh, p− ph)|||
2
uh
+ C

2
‖∂tθh‖
2
0,Ω.
)Ô~ ,
l±Ywnj0~-wz3{-®\ji
(0, T )
¾3gunzg{tjiz|®tz³ws)  9jih?hv² 1,~gytsﬃi{~hy3zgz3jNuwzhwnj0u )ÓY ,»°
)Ô~1,¥zwneÀd5e3j0{~jih.g²ﬃ7~¾3¥2j*{\yvw~z )ì§©{\
 > 0
un(.¶z|jiYwn}|sunh}|} ,
∫ T
0
‖∂tθh‖
2
0,Ω dt ≤ C|||(θh(0), yh(0))|||
2
0
+ C(u, p, T )h2min(ru,rp)−3
+
∫ T
0
bh(p, ∂tθh) dt.
)Ô; ,
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@	z|uxw"{§2~}}I¾&¥j?3{wj+weg-w+§ìwnji*g~xwz|~}#zYwnj0~-wz{\¸«guw*z| ung~ijD~g¨wne3j0 z|6wnz|hDj\¾&¥jDh¯s
¥zwnj )ì§©{\5wne3j"}~uxwwnj0nh{\we3j"z\e\weg~guxzvj ,¾
∫ T
0
bh(p, ∂tθh) dt =
∫ T
0
(∇p, ∂tθh) dt
= −
∫ T
0
(∂t∇p, θh) dt + (∇p(T ), θh(T ))
− (∇p(0), θh(0)).
ks~33}|stz3FPaeYsY°qvet¥~n¬z3jNYg}|z³wsgwnegj+qt{~yR{~}|ji®¶j0h+yRj033z3
‖∇p‖L∞(0,T ;L2(Ω)) ≤ C‖∇p‖H1(0,T ;L2(Ω)),
z|À{\h+y3z|g-wz{\¥zwneÀd5e3j0{~jih.g²ﬃ7*¥j¿ea¯®~j
∫ T
0
bh(p, ∂tθh) dt ≤ C‖p‖H1(0,T ;H1(Ω))h
min(ru,rp)−
1
2 .
P2}|j0~n}|s~¾[¥jea¯®~jwnz|3}jD3{\nh i{~Ywnzygvwnz|{~¨§©n{\h wne3jD33¦t3{-¥6z3zwnz}^3z|ujwjj0n{~µz6wne3j
gnjNunun3j
yh(0)
z|ﬃwne3j"z|~eYweggunz|3j¿{~§ )Ó>; ,²#l±g3jij0&¾vwne3j*wjih.¥j*3jijNw{{~Ywn{\}Rzu
j(yh(0), yh(0)) = j(R
k
hu0, R
k
hu0 − ph(0))
− j(ph(0), R
k
hu0 − ph(0)).
)Ô[ ,
ºµuxz|3"we3jµ3z|ujwjza{~h?3j0uunzy3z|}|z³wsj0Yg-wz{\gu`§©{\
uh(0)
~g
P kh u0
)Ôguxz|gj
∇·u0 = 0
,`¥2j
ea¯®~j
bh(qh,uh(0)) = j(ph(0), qh),
bh(qh, P
k
h u0) = j(R
k
hu0, qh).
d5etgu0¾tw~¦tz3
qh = R
k
hu0 − ph(0)
~guxz|gij
uh(0) = P
k
h u0
¾t§©{~h )ÓA[1,¥2j*eg¯®\j
0 = bh(R
k
hp(0)− ph(0), P
k
h u0 − uh(0))
= j(Rkhu(0), R
k
hu0 − ph(0))− j(ph(0), R
k
hu0 − ph(0))
= j(yh(0), yh(0)).
4jigij*¥2ji{~gi}g3jµweg-w
j(yh(0), yh(0)) = 0
a¶we3j*wne3j0{~jih·§©{\}}|{-¥u0²
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egjigij®-}|z|À~}|un{D§©{~we3jz|g{\h?3njNununz|y3}j"ŁU3}j0jN\a-wnz|{~aui²5d5e3jjNuwzh-wj0uµj*unz|hDz|}w{?wne3{Yuxj
{\yvw~zgj0z| 5äC9[z|¶wnegj¿0~unj{§9gzjNji¥zunj}|z3jN2ji}|jih?jiYwu5~g¶Yg~unzR{~vwzh}a§©{~2wnegjµ®\ji}|{tiz³wzjNui¾
¥zwneﬃwe3j"}{Yunu{~§
h
1
2
¥z³wenjNuxRj0ww{¶3gn{¯¹vz|h?wnz|{~wst3zi~}[§©{~uxw~y3z}|z|¬ij0ﬃh?jwe3{v3u0²
@g{~UR{~}|st3{~h?z}a{~vjiu
k ≥ 2
we3jjNuwzhwnj0uU§©{~Uwnz|h?jµvj0nz|®--wnz|®~j{§[wne3jµ®~j0}{vzwsD{§9d5e3j0{~jih
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